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Chapter-1 Basic Signals Types

, i. Unit impulse signal (dirac delta function): [t is denoted by
| DISCRETE TIME SIGNALS AND SYSTEMS | e
3 —— { 1,n=0
1.1 Signal an es | olnl=
L 'I‘yp- i ] i ' (0] 0,n#0
A signal is defined as any physncal‘quanhly that var.les With | - Unit impulse signal is a signal that is zero everywhere,
time, space or any other independent variables. Mathematically, a ; ~ except at n =0 where its value is unity.
signal is described as a function of one or more independent .
variables which gives the behaviour of a phenomenon. Examples: 1 :
Speech signal, image signal, x = sinet, etc. I ' T =
Types of Signal '

i.  Continuous time signal: A signal which can be defined in ' g N e : o
every instance of time under consideration is known as

P

=30 =10 1223 4

, |
continuous time signal. It is represented as x(t), where t is : ) ; . d is defined as
continuous and can assume valucs in the range —eo < t < oo, } fi.  Unit step signal: It is denoted by u[n] and 1s de
) 1,n=20
Y ; F u[n]={0 n<0
)
J | 1
0 —>{ 1 %
Fig.: Continuous time signal x(t) l : 510 1L 2'3 4 T
ii.  Discrete time signal: A si idh is de £
: gnal which is defined only at ‘ : : i - '
e gl S S {gnal: ted by 1{n] and is defined as
:ertam time instants is known as discrete fime signal. It is. ‘ e 1famp sty i
ep §mwd as x[n], where n assumes discrete values. If we \ et 1-12' ’
quantize x([n], we obtain digital signal ‘ r[n] =: 0,0<0
x[n] or x(n) ] fin g
125 i : \
i e [
S4 3310 35> 3210 1234

Fig.: Discrete time signal x[n]
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iv.  Exponential signal: It is denoted by x[n] and is defined as

x[n] = ce™; where ¢ & a are real numbers.
Here, if a> 0, it is growing exponential
ifa <0, it is decaying expdnential
x[n] a>0 x[n] a<0

1] ‘1Zn

01 23 3210712 3
v.  Sinusoidal signal: It is denoted by x[n] and is defined as_

1

>1

x[n] = sin(nw) or x[n] = cos[n®)]

x[n]= sin(n®)

-1

Ty A
T 1[F

vi.  Signum signal: It is denoted by sgn[n] and is defined as
1. n<0 .
sgn[n]=1 0,n=0

-1,n<0

1
44440]
T
-1
vii.  Sinc signal: A sine signal .

atn =0, and decays as it
defined as:

1s a signal that gives unity value
moves away from the origin. It is

Discrete Time Signals and Systems |3

¢
| ,n=0
sinc[an] =\ sin(an
fJan_l’ elsewhere
sinc[an]
b ‘
1
PR AL ” h ¢l
T o TT1
' Representation of Discrete Time Signalg
i. ' Graphical representation:
x[n]
T
. 1
..... o
| ' —» 11
; 1\—101 23[45
1A
ii.  Functional representation:
1,.f1 <n<l
x[n] = —1,n=—3,—2,4
0, elsewhere
jii. Tabular representation:
ey .| -3]-2|-1{0]|1(2]3 4|5
LI EIEIREREE olo|-1]0

iv.  Sequence representation:
R = Lo, =L L1, 1,0,0,-1,0, o}
: : s
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12 Energy Signal and Power signal

Energy Signal
A signal is said to be energy signal if it has 'ﬁnite_: non-zero
energy and zero average power. Usually aperiodic signals are

Iy v .
energy signals. Example: x[n] = (z) u[n] is an energy signal.

To calculate energy of a signal:

E={ () d(t) ; for real x(t)
E= f ix(O)*dt ; for complex x(t)

E= ¥ ]}

n=o=

; discrete time signal

Power Signal
A signal is said to be power signal if it has infinite energy

and finite non-zero average power. Usually periodic signals are

power signals. Example: x[n] = sin(—?) 1s a power signal.

To calculate average power of a signal: -
_ lim 1™
P= TSeT f X(t)dt ; for real x(t)
TR
™

ToewT f X(®)F dt ; for complex x(f)
- :

P=

lim

P= N -t]_ szl 2
SoN+T__ _mlx[n]l ; discrete time signal

lim 1

or,P= N
N—>e2N+1 ‘;le[n]|2
n=-]

Disc
rete Time Signals and Systems |5|

Example 1.1:
Determine whether the giveﬁ signal is energy or power

signal.
x[n] = {3, 1, 0, 2+2j, 7}
T
Solution:

Given, signal is
x[n] = {3, 1,0, 2+2j, 7}
)

Energy. of the given signal,
Ix[n]P

—00

]’
2

o)
=@+ + OF + (2 + 2D+ )

 —9+1+0+@2FH22)+49
=59+4+4 =67 Joule

Average power of the given signal,

s Iim 1 N2 2
P T N e N+ 1

™8

E = -

n

™M

lim

™
=
z

;—-N_)w‘éx 67 =13.4 Watts

" Since both the energy and average power of the given signal
is of finite value, it is neither energy signal nor power signal.

Example 1.2: . . ‘
Determine whether the given signal is energy or power

signal.

‘

D uni

|6] Insightson Digital Signal Analysis and Processing
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Solution:

)
" Given signal is, x[n] =(Z) u[n]

Energy of the given signal,

o L 1
1-1/16 ['Eﬁa =1_af0r.|a|<1:| |

The energy of the given 51gna1 is finite and non zero.
Average power of the gwen signal,
P im 1

"¢ Ny N+ 1 l"[ﬂ] |

Di
screte Time Signals ang Systems |7|

_ lim [l—(1/16)”"' NGO -V
N—oeoN+1[ 1-(1/16) ]['-‘n§03= 1_3}

dim 1 1 1
= Nesoo N+ 1 15/16 * [“16”""]

_lim. 1 E lim 1 16 1
" NN +1 515 NoowN+1 71516

=0-0
' Pae=0
The average power of the given signal is zero.

o n ;
Hence, the given signal x[n] = &) u[n] is energy signal.

Example 1.3:

Determine whether the given signal is energy or power

signal. :

x[n] = sm(;:lj _

Solutian: :

T
Given signal is, x[n] = sm(h)

* Energy of the givenmgnal, Sl
E -3 i@
J=%
= 3 sin(a;)
n=-—° 3

B
= 3 Sm (311)
‘==

' |8] Insights on Digital Signal Analysis and Processing



1

and, E cos(sz) =0

n=-—-ec
+ Forn=0; 005(2—3@) =1

‘-1
Forn=1; )

-1
Forn=2; 7
Forn=3;1

Forn=4;"_2—]

Forn=5;-7]

and so on.

Average power of the given signal,

p,, - m 1 w2
5 N—soN+1_ zzmlx[ﬂﬂ

_lim 1 N T
" NowN+] 2 [Siﬂ(%l'):r
n=-Ni2

_lim N2
N—=«N+] Z Siuz(?;—n)
n=-N2 .

. 1 2mn
lim- 1 ~p |73

L m—— E
N— N+1n=~N12 2

_lim 1 1 Na N/2
_N—>mN+1xE[ 21~ % cos(%ﬂ
 “la=N2 n=-N2

We have,
N2
T I=N+1"
n=-Nj2
N/2 - 2mn
and, Y ‘cos(T) =0
n=-N/2 -
: ~lim 1 1
el S N 2N L=0)
S
ENSe Nl )
- 1
,-ng=§

The given signal x[n] = sm[‘{) is a power signal since it has

infinite energy and finite non-zero average power.-

1.3 Periodicity of Discrete Time Signal

Discrete Time Signals and Systems |9|

Periodic Signal : ;

A signal is said to be periodic if it repeats itself at a fixed
interval of time. For periodic signal, '

x[n] = x[ﬁ +N]  ; where N is period and always integer.
Aperiodic Signal _

A signal is said to be aperiodz‘é if it does not repeat itself

after a fixed interval of time. For aperiodic signal,

x[n] #x[n +N]

Aperiodic signals are assumed to repeat themselves at
infinity.

|10] Insights on Digital Signal Analysis and Processing



x[n]

ﬂ[[fOIFJl

Fig.: A digital periodic signal x[n] with period N = 3

Condition for a DT Sign

Let us consider a discrete time (DT) signal x[n] having

al to be Periodic

period N. For this signal to be periodic, x[n] = x[n +N] needs to be

satisfied.

Suppose, x[n] = Acos(2xfon + 6),

Then,

X[n+N]= Acos(ZJrfo(n +N)+ 9)
= Acos(2nfyn + 27foN + 6)

For periodicity,
x[n]=x[n+N]

or, Acos(2nfon + 0) =

Acos(2nfon + 2nfN + 6)

To satisy above condition, 2nN = 27k must be suisfied;
where k is an integer [ cos(2nk + A) =cos(A)]. ,

On solving, we get,
foN =k

:'>fu=ﬁ

Hence, a discrete time s;

ignal is periodic if its fundamental )

frequency (f;) is a ratio of two integers.

For x[n] = x,[n] + x,

must be periodic. Also, th
xj[n] and x,[n].

[n] to be periodic, both x,[n] and X[n]
€ period of x[n] is LCM of period of '

Dl . -
'screte Time Signals and Systems |11]

Example 1.4:

Check the periodicity for the given signal and find its
period.

x[n] = cos3n

Solution: .
Given signal is, x[n] = cos3n ......... (1)

We know, for a discrete time signal, the signal is periodic if
its fundamental frequency is a ratio of two integers.

Comparing (i) with x[n] = coswyn, we have
=3
or, 2nfo=3

3
= f":ﬁ

* Since the fundamental frequency is not a ratio of two
‘ . integers, the given signal is not periodic.

Example 1.5:
Check the periodicity for the given signal and find its
perlod.

* x[n]= cos211tn

- Solution:

5 - Given signal i is, x[n] = cos211cn JR ()

We know, for a discrete time signal, the signal is penodlc if
~its fundamental frequency is a ratlo of two integers.

‘ Cornparmg (i) with x[n] = cos@gn, we have
‘ | Wy =21m '
‘ or, 2nfy=21m

S‘incé the fundamental frequency is a ratio of two integers,
' the given signal is periodic.
The period of the given signal is N =2.

|12] Insights oh Digital Signal Analysis and Processing
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Example 1.6: | _ 0
Check the periodicity for the given signal and find i, | Examl’le 1.7:
ki ' | " Determine if the signal x[n] cos(z—;“l) + sin (%) is
x[n] = cos217n + cosn
M T _periodic ‘or not.* If the “signal is periodic, find its
» Solution: | fundamental period. _ (2081 Bhadra]
Given signal is, X[n] = c0s217tn + COSM e (1) | Solution: :
We know, for a DT signal, the signal is periodic if it ‘ &= o
fundamental frequency is a ratio of two integers. , x[n] = cos( 5 ) + sm( 3)
Also, for x[n] = x[n] + Xe[n] to be periodic,_ both x, [n] and Cblnparin'g this with x[n] = xu[n] + xz[n], we have
X;[n] must be periodic. ;| , L ] 3
Comparing (i) with x[n]=x[n ]+ xa[n], we have s xl[n]%cos(—s").
xi[n)= = cos217m o "
Xa[n] = cosn ‘ ' < sl o[n] = sm(s)
Case-I: x;[n] = cos217n o 2mn
ssvy : . Case—I: xi[n] = cos{ ~5~
Comparing with x[n] = costnn, we have Bt
o=2ln - : : Comparing with x[n] = coswqn, we have
, 2nfy= - o SR g
or, 2nfy=21In S a1 g
or, ﬂ’:z—zlE_ 2')_1 _k j
5 gl or, 2nfy="5
ince the fundamental fre ; = Hiad o0 I :
x,[n] is periodic. o ls' : mn_o ok tvgo Integers, .- 1 - .2n % Atk
: = H=%"9375"N

Case-IT: x;[n] = cosn

ing wi Smce the fundamental frequency is a ratxo of two integers,
Comparing with x[n] = cosaxn, we have £

- xy[n] is periodic.

=1
: d of x,[n 5.

S , And, period of xi[n] =

s zl Casgfll: Xz[ﬂ]f51f{(3)

s : Nl 1

Since the fund Comparing with x[n] = smn, We Bave
' amental frequenc ' ‘ . :

integers, x,[n] is Dot periodic. AP 2l e iaho of:two: - = i%

Hence, x[n] =

= 08217 + cogp s
S 8 1ot periodic ;
not periodic, periodic since cogp is or, 2nfy =1t3'
Di : \ i
screte Time Signals and Systems T : T14] Insights on Digital Signal Analysis and Processing




r 11 k

f —_———
3 “m 6 N lsin(ﬂ) d
Since the fundamental frequency is a ratio of two integoyg 27272 )
xo[n] is periodic. ' _ We know, for a DT signal, the signal is periodic if its .
And, period of x;[n] = 6 B fundamental frequency is a ratio of two integers.
2mn . (7n Also, for x[n] = x;[n] + x,[n] to be periodic both x,[n] and
Hence, the given signal x[n] = cos 5y + sin ( 3 ) is X»[n] must be periodic.
_' _ mm _(mm . ' Comparing (i) with X[ﬂ] = x[n] + x2[n] + x3[n] + x4[n], we
periodic since both cos| 5 | and sin{ 3" | are periodic. - have .
Fundamental penod of x[n] - Xl =3 cos(B;’.;tzn)
=LCM of period of x;[n] aud Xz[n] .
1 Tn
=30 Xy[n] = cos(zn)
Example 1.8: | ‘ " (331“1)
~ Determine whether the given signal is periodic or not. If %] = sm 272
the signal is periodic, determiine the fundamental périod; 1 . (nn
m AT X4[n] =7 sin{575
x[n]=e co ; 2
171 [2080 Bhadra] . 1 33mn
Solution: , : S : '(;ase-I: x[n] =§cos(ﬁ)
im 4 i : Comparing with x[n] = coswgn, we have -
Given signal s, x[n] el6 COS{I?} 3 :
: > T 7]
or, x[n] =[C05( ) ( T Ty |
16 +Jsin 16/ | €08\ 77 3 I 33n
- (m)”"s( )+ = © amo1 3k
16 17 JSIH( )cos( ) : 3_"2 9 i DEGY.
=3 2cosGt2) c:os(I ) F 23111( ) | ‘ | : 1. (mn '
N 72 16) °%8{ 17 17 Case—H Xz[n] = 005(272) .
2 nn . ; 3 :
"2 [COS(IG 17) *: cos(l - .’,)J + ' o Companng with x[n] = coswyn, we have
1 [ ( ) = : by T
sIn| + v . =979
16717 sm(l Z_ 17)] 212
_1 (33m 1 .
2 cos( 272) 5 cos(272) 41 I sm(32371;n) . | or, 2nfy= 272

screte Time Signals ang Systems |15] ]16] Insights on Digital signal Analysls and Processing



n | 1 k

= 0= m 544N
1 . (33nn
Case-IT1: x3[n] =5 sm(“"’zn )

Comparing with X[h] = sinayn, we have

33n
=272
3Bk
= ©=54"N

1 . (mn
Case-IV: xy[n] = ) sm(ﬁ)

Comparing with x[n] = sinayn, we have

__n
=272

Therefore, in all cases of x,[n], X;[n], X;[n] and x4tn], the
fundamental frequency is a ratio of two integers. So, xi[ﬁ],

xa[n], xs[n] and x4[n] are periodic. Hence, given signal x[n]
i :

=% cosl 22| is periodi
17 s periodic.

Again,
Fundamental period of x,[n] = 544
Fundamental period of x,[n] = 544
Fundamental period of xs[n] = 544
Fundamental period of X4[n] = 544
}_{ence, fundamental period -of x[n] =
Xi[n], x5[n], x3[n] and X4[n] = 544,
Example 1.9:

Check whether following i i
si jodi
Yes, state their periodic tfme.gn AL ple not. i

2. x[n] = sin(nx) + cos(nT)

_ . (3nm
a2 o)

—_—
——

LCM of period of

12080 Baishakh]

— - e ———

Discrete Time Signals ang Systems |17

Solution:

We know, for a DT signal, the signal is periodic if its
fundamental frequency is a ratio of two integers.

Also, for x[n] = x;[n] + x,[n] to be periodic, both x,[n] and
xs[n] must be periodic. ‘

a.

Here, x[n] = sin(n7) + cos(nm)

Comparing with x[n] = x;[n] + x;[n], we have
x,[n] = sin(nr)

Xa[n] = cos(nm)

Case-I: x,[n] = sin(nm)

Comparing with x[n] = sinwqn, we have

=T
or, 2nfy=mn

fom 1k .
or, 0._2n 2—N

‘Since, the fundamental frequency is a ratio of two

integers, xl[h] is periodic.
Period of x;[n] =2
Case-II: x;[n] 5 cos(nt)

Comparing with x[n] = cosayn, we have

=T

or, 2nfo=m

> Hh=3¢=2N

integers, x,[n] is periodic.
Period of x,[n] = 2
Hence, given signal x[n] = sin(mt)'-i- cos(nm) is periodic
since both sin(nw) and cos(nr) are periodic.
Period of x[n] = LCM of period of x[n] and x;[n]
. =2

|18]| Insights.on Digital Signal Analysis gnd Processing



b. Here, x[n] =sin( 75 )+ C05( 7 | Period of x[n] = LCM of period of x[n} and x;[n]
Comparing with x[n] = x;[n] + xz[n], we have =70
(3nm Example 1.10:
xi[n] =sin{ 75~ ,
dnm » Sy Determine whether the signal x[n] = cos('nz—n) cos(ﬁ—n] is
x:[n]=cos(—7") : periodic or non periodic and if it is periodic, find its
. [3nm fundamental period. [2078 Bhadra]
Case-1: x;[n] = sin =
Solution: '
Comparing with x[n] = sinan, we have ‘ - ‘ - -
3n : Given signal is, x[n] = cos S )cos( 4
& ="g ' . PRl N .
- P ' ‘ 1 T Y
or, 2nf0=3?"‘ : or, x[n} 7% 2co0s{ ) cos\
5 ‘ : R | mn |, T mn 7o) |
LA T ' =—[cos(‘—+—‘) i cos(—'-—-):l
e —— e, 3 ) 2 4
= =5 0°N e - S VRS
| ' 1 n
Since the fundamental frequency is a rat10 of two | - or, x[n]= ;cos(?’;'1 )+2cos( 4) ......... (ii)
integers, x;[n] is periodic. ' . | Rt - |
Period of x;[n] =10 . ' We know, for a DT signal, the signal is periodic if its ¢
' 4nn , fundamental frequency is a ratio of two integers. -
Coedl ‘ el = COS(T) Also, for x[n] = xy[n] + xz[n] to be periodic; both x;[n] and
Comparing with x[n] = costyn, wé have . | ; x;[n] must be periodic.
_4n ) : * Comparing (i) with x[n] = x,[n] + X[n], we have
7 : _ ' : : < i Cbs(}_ﬁ__}
G xi[n] = _
or, ano :-41.E . . : 7 2 4
e
e 1 | xon]=5.c0877
' 721 7N _

€t g 1 (3um
Since the fundamenta] freg Case-I: x,[n] =7 cos\ 3

uency is a rati '
integers, x,[n] is periodic, Y 1S a ratio of two-

Period of x,[n] =7 I Comparing with x[n] = cosn, we have,
He i ' | =
nce, the given signal x[n] = sin(a—?i) + cos(m) is : W ="4
: o ’ ' 3n
penodic since both(?’Tmr) - cos(m _ or, 2mfo =7
7 ) @re periodic. :

i i ' i Processing
Discrete Time Signals ang Systems 19 |20| Insights on Digital Slgngl Analysis and .



B 3 R
" 4 "2 8
| | | o Odd .signal (antisymmetric signal): A real valued signal
Smce,_ the fun f]amental frequency is a ratio of two integers, x[n] is called odd signal if x[-n] = —x[n]. It is denoted by
] isiperiodie. xo[n]. Example: xo[n] = Asinmyn
Period of x;[d] =8 X[n]

1

Case-II: x,[n] = % cés(r;—n)

Comparing with x[n] = cos(@n), we have : ‘ I
T ; 43 | ] e
= l [ ot 234
or, 2xfy =2 | : !
o i T S _ - Fig.: Example of odd signal
4 m 8 . ; i . Derivation of Even and Odd Parts of a Generic Signal

Since, the fundamental frequency is a ratio of two integ‘e rs Let us consider a signal x[n] such that it is a'composition of

xz[n] is periodic. even and odd parts.
Period of x;[n] = 8 _ gty ' x[n] = xe[n] + Xo[n] evvevee (i)
' 5 | . Substitute n =-—n, we get
Hence, the given si = pa 0 T - : : -
. 'gnal x(n] = cos 4) CO.S(T) is periodic. . ' x[-n] =x[-n] + X [-0] -
eniod Ofx[n] =LCM Ofpcriod Ofx] [n] and Xz[ﬁ] . : or, X[—D] = Xe[n] = X(,[Il] ''''''' (ll)
=38 ; _ =G AR s : - Even signal: x;[-n] = xi[n]
Even and 0dd Signal T ' ' L 0dd signal: X,[-n] = —X,[n]
. Even Signal ( . ) ’ 5 P s £
. Symmetric signal); A , Adding equations (i) and (ii), we get
Is - . : A real :
called even signal if x[—n valued signal x[n] - x[n] + x[-n] = x[n] + Xo[n] + Xe[n] - Xo[n]

Example: = =X[n]. It is denoted b :
xe[n] ACOSO)Dn_ Yy xc[n]. : or, x[n] E x[__n] = zxe[n]
__[__]__[_lx nlt+xal . e;ren compone.nt

v AL

x(n]

* Subtracting equation (ii) from (i), we get
x[n] — x[-n] = Xe[n] + Xo[n] — [x[0] - Xo[n]]
or, x[n] = x[-n] = xdn] + xo[n] — Xe[n] + Xo[0].

-5 i
43200 73 =1 or, x[n] - x[-n] = 2%.[n]
Fig.: : —x[-
g Erample of even signal xo[n]=x e 2x nl- : odd component

Discl’ete Tifr_]\ ’
e Signals’ i
ignals angd Systems | 21] |22| Insights on Digital Signal Analysis and Processing



T,
Example 1.11: : .
Find the even and odd part of signal x[n],
1for4<n<0

X[n] =

2071 Chaitra, 2070
2for1<n<d [ ’ AShadh]

Solution: .
1 for-4<n<0

2for1<n<4
The graphical representation of given signal is

X[n]

L

Given signal is: x[n] = {

4'3 2.1 0

L SEg
0Odd part of signal x[n], X,[n] = ﬁI_]];z}i_—nl

Even part of signal x[n], X[n] = Ml

Here, graphical representatipn of signal x[-n] is
X[-n] :

—4—3—2~10[2734 e,
graphical representation of x.[n] ahd X,

x.[n]

Similarly, :
[n] are,

—4—3 -2 o 0

D\

iscr i ‘
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Xo[n]

l lrllol.so ] ]1 ]'.ﬂ

1.4 - Transformation of Independent Variable ‘

¥

During the processing of a signal rx[n], we perform various
manipulations involving' the independent variable n. These
manipulations help for simplifying the signal processing. They can
also be reversed when needed. After the manipulations, the signal's
appearance looks changed, although the information of the new
signal is the same as the original signal.

The most commonly us_'ed transformations are:

i, Shifting

ii. Scaling

iii. Folding or imd;rsion :

i’ Shifting: Let x(t) be the brigirial signal. The shifted version

of x(f) is x(t +a) and x(t - a).

K x(t + a): Signal is advanced by a. We shift x(t) to left on
time axis by a. :

i(t — a): Signalis delayed by a. ‘We shift x(t) to right on
time axis by a. - ' S
' Exqmpie:
x(t)
Original signal

1 0 1

. |24| Insights on Digital Signal Analysis and Processing
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x(+) W)

Signal advanced Signal delayed
by 1 by 1

—{

5 4 0 L0 2y X
ii.  Scaling: Let x(t) be the original signal. The scaled version of
x(1) is x(at).

: 1
_ Tnx(at), ifa< 1, the signal is expanded by 2
— Inx(at),ifa> 1, the signal is compressed by a.

Example:
x(t)
Original signal |
1
S T v
XCh x(0.5¢)
Compressed by 2 Expanded by 2.

05 0 05 ¢

T —3— ¢
iii.  Inversi -loleol,i2
version or folding: Let x(f) b R i
folded version of x(t) is x(—i).( L the Rrginal signal: Thé
Example; : '
X(t) |
4 = ) ‘ X(-t)
nginal signal Folded o .r

432
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Multitransformation

At times, we may be required to evolve a new signal where
more than one transformation are there, In such cases, we proceed
sequentially as follows:

i. Shifting .
ii. Scaling
iii. Folding

For example, to find 3x(_31't+ 1) from x(t), we follow the

following steps:
i. Draw x(t). ' ‘
ii. Advance x(t) by 1 to get x(t + I).

, | 1
iii. Scale x(t +1) by 5 to get X(E t+ 1) :

iv. ‘Inverse x% t+ 1) to obtain x(—? t+ 1) 5

: 7| Zor o
v. Finally multiply X(?t"‘ 1) by 3 to obtain 3_x( 5t 1) -

Example 1.12:

For given signal; find
: . t
x(t - 1), x(t + 1), x(-£), x(1 - t), x2t+1), x(4 - 2) ;

x(t)
Original signal

St;lun'on: :
i ox(t-1)
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' Delayed signal Advanced & scaled signal

-05 0 05

N
vi. x(4 = 2)

K(H’l) ' | t _t .
. = x(t+4) > x5 +4 - x5 t4
Advanced signal _ : :
x(t+4)
T
—t
-1 0 1
iii. x(-t) ' . 51
' ! 4 gyl 0
t
x(—+4)
2.4\ 2
iv. x(1-1) g —>t
= xt+1)->x(-t+1) ‘ 7 5.4 -3 =2 -1 0
- x(1-1) . S i\
Advan i R S ‘ X( "5)
vanced & folded signal f S A
-1 0 1 —>{ - |
v. x(2t+1) ‘

= X([’i' ]) —)x(2t+ 1)

sing

Dsclete| mes : 4 e . 1 i
. na 28 lnslgf\ls on Dlgltal Slgnal Ana VS S al\d Proces
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),

Let us consider a DT periodic signal x[n] with periods

such that x[n] = x[n + N].

A Fourier series is an expansion of a periodic signal ih
terms of sum of harmonically related complex exponentials. It
used for spectral analysis (analysis of magnitude and phag,
spectrum) of a periodic signal. It can be used for analysis of only
periodic signals. ‘

Synthesis equation:
X[n]=:§anej““"" ;030=ﬁn
Analysis equation:

Derivation of Analysis Equation .

Assume that synthesis equation is true,
N o .

X[ﬂ] =¥ ake’ . S (1)
=0

where @ = %\]—n :
oo The synthesis equation synthesizes the signal x{n] fro‘rﬁ the
caf[ e;cx;nts a k= 0,' 12 3=z, Nt The coefficients a; are
ed Iourier coefficients or spectral coefficients of x[n].

Multiplying both sides of equation (i) by e/

] N-] .
I ;
x[p] e e _ 3 ake’h"’“ x gl

=3 Nl
or, x[n] e = T a elkDun’
k=0

_ Summing both sides, vs;e get

N4 e NI N

il -1 . .
- X[n] e’ ="5 5 5, eik-han -
n=0 00 g - e (u)

D
iscrete :I‘lme Signals and Systems l29]

15 Discrete Time Fourier Series and Properties

We know,
N-1
Yy a"=Nfora=1
n=0
So,
N-1 N-l .
y M =5 (N =Nfork=0
n=0 n=0
Hence,
N-1 .
v *on =N for k=1
n=0
Therefore at k =/, equation (ii) becomes

N-1 :
% x[n]e'ﬂ‘“"“ =aN
0

T g
or, =y = x[n]e? ™"
n=0

In general,

C LNA o ki
| A=Y ngox[n]e

which is the required analysis equation.

Properties of DT Fourier Series ,
S E Linearity property:

Ifx(n] 2 a
and, y[n] JLFS% by, then
Ax[n] + Byln] 22— Aai + Bb
ji.  Timereversal:
If'x[n] e—D—E?—S% ax, then
x[-n] (-ETEL ay
iii. - Time shifting:
CIFx[n] 22 ay, then
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DTFS ~jkayny
x[n - o) e e

iv. .Frequency shifting:

» 1f x[n] <—9-TLS—> a,, then
™" x[n] (—P-T;F—S—% 8y-m

v.  Multiplication: '
I xj] s
and, v[n] <—RT—F§-9 by, then

xX[n]y[n] <—DT—F'S—') E ajby

vi. Conjugation:

Ifx[n] s ay, then

o] > o
Parseval's Theorem for DT Periodic Signal
If x[n] <—ml> a,, where x[n] is periodic with period N, thenv
Poy= N Z x[n]f = |ay|
k=0 ,

Proof: :

If x[n] is penodxc with period N, then, we have

x[n] = Z a ean

and, a, = ﬁ i X[n]e'jm"“
n=(
Now, - ¥

p ANt
ik E [x[n]|”

I N
ﬁ [ﬂ] x*[n]

1 Nt
=N Z x[n] Z a* g kan
n=0 k=0

Discrete Ti
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- 1 N-1 1.k
= Z ak xﬁ ):, x[n]e ™"

N-1
= 5 ﬂk a
k=0

N-l
= ¥ l|a" proved.
k=0

Example 1.13:

Find the coefficients of x[n] = cos(n—;") .

Solution: |
Given, x[n] = cos(T;—n)

Comparing with k[n] = cosyon, we have

1
W=7

Using Euler's formula,

; ' ok ™4 e —jm/3
x[n]=cos('3-) ———2—— .

1 _
or, x[n] = 26"“"3 +5€ ]

or; x[n] =7 e’““” +5 e’('“a+2f‘)“

Comparing with, synthesis equation,
. N-l
x[n] = T & 5" we have

I 1
a1 =5 and as =%

Also, = .
ao=az=a3=a4=0
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Example 114:
Find the cocmclents of x|n] = cos(\f_ 1m)

L e
N

Solution:
Given, X[n] = cos(‘\ﬁ n)
Comparing with x[n] = cosn, we have

oy =27

or, Zrcfn=\ﬁn
e 21
= b= T2 \2

Since, the fundamental frequency is nmot a ratio of two |
integers, the given signal is not periodic. Therefore, it
doesn't have Fourier cocfficients. i

Example 1.15: :

Find the coefficients of x|n] = {1, 1, 0, 0}. | L :'
Solution: J'

Given, x[n] = {1, 1, 0, 0} |

Here, N=4

2n -m

N 2

x0)=1,x(1)=1,x2)=0,x(3) =

Analysis equation is

] N-1

23,=3 % x[n]eta .y
NFO [] ,k 0,1,2,3

To calculate aj,

| 3
% =3 2 xn)¢’
n=0

1.
4 (X(O) +x(1) +x02) + x(3)

. _
Iscrete Time Signals ang Systems |33

To calculate a,,

| 3 .
a =3 %‘. x[n]e ™"

-

3 ;
Z x[n]e—Junv‘Z
n=0

{x(0) + x(l)e»jru?- & x(2)e‘j“ % x(3)e-j3wz}.

I

I— &=

(1+ Ixe™+0+0)

= Bl= B

[1+ cos(m/2) — jsin(m/2)]

(1+0-}))
1=

S AN —i'l

To calculate a;,

~2jyn

13
=2 n)io x[n]h e

3
b 3) x[n]e X
‘n=0 ¥

A]?—-

]

— &

{x(O)e +x(1)eT"+ x(2)e‘32" +x(3)e}

1+ 1xe™+0 +0)

Al Bl— B

[1+ cos(T) — jsin(m)]

Il

(1-1-0)

a2 =0 ‘
To calculate a3,
JJu\g-t

1 2 x[nle"
40
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j3m2

N

3
T x[nje
n=0

{X(O)Co+ x(l)e—j.‘ﬂ’/z 4 X(Z)e_jh i x(3)e—j9rd2}

B l—

=%(1 +1xe ¥ +0+0)

{1+ cos(3n/2) - jsin(3m/2)}

Ao

a=7; | =5, £2=0°

p WO | :
a=5 (1-j); la = V() + (1) =0.3535,

O o & T 1
= m“(l)“4

8= 0; Jay| =0, ZLa,=0

Ao
=3 (L4 ol =3O+ (1= 03535

()5

0.51
1)
3 041
= 034
2 02
E -

0.1

0 1 3 :
Harmonicg

Fio.. :
18-: Plot of magnitude at eqch harmoni
cs

Disc .
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s 0.5 I
0 .
2 05 l] 7 3

_1[

Harmonics

Fig.: Plot of phase angle a each harmonics

1.6  Discrete Time Fourier Transform and Properties

Fourier transform is 2 mathematical operation for
converting a signal from time domain into its frequency domiain.

Let us consider a DT signal x[n]. Its Fourier transform is.
given by X(¢") and is defined as :

X@)= ¥ xnje™™

n=

Derivation of Fourier Transform from Fourier Series

Let us consider a DT aperiodic signal x[n]
x[n]

Suppolse X[n] be the periodic signal formed by repeating x[n]

over the period N. -
X[n]
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Since A[n] is periodic, we can apply Fourier series. So,

3 jkayn -Z-E
X[n]= I ake‘““ =N
=<N>
1 P 2n
and, =3 I X[nJe”™ TN
N n=<N> N
'—N N A
In the range 51075 = 1, X[n] tends to X[n].
N2-1 e
or.Na,= ¥ x[nje’™
N2

Let us assume Na, = X(ei‘”) and kay =0 for N = o then

X@)= ¥ x[n]e™

n=-—cc

This is the i j j ier- T
- equation of Discrete Time Fourier Transform

We have,

X(e

Na, = X(¢”) and a, = :

Hence, X[n]= ¥ &}gﬂcﬂ‘“’“

k=<N>

or,xfn]= ¥ X()ckan &
k=<N> 2n

A ]
2,5, X5
Therefore, as N — oo

% [n] = x[n]

@y — 0

E—)f

Discr i
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Let @ = kay, then

x[n]= 3.1_1; f X(&®) ™ do

-n

Example 1.16:
Find Fourier Transform: x[n] = 8[n]

Solution:
Given, x[n] =8[n]
We know,
X)) = E x[n] "

n=-oo

(1 atn=0
]
= . |0 elsewhere
So, X(@*) = T x[n] €
o=0 -
Co=x(0)
: =1x1
LXE@)=1,

Example1.17: R

Fil_id Fourier Transform: x[n] = a"u[n); |a| <1.

Solution: i
Given, x[n] = a"u[n]
We have, ) '

X@) = Toame

2 5 aum]e™
Sl
{l,nZO
We-have, u[n] = 0.n<0.
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So,X(@®) = T a'e?™
n=0

n=0

I ) .
T -ae™ 'ng‘oa—l—a

Example 1.18:
1, -N <
Find the Fourier transform of x[n] = ( y -NiSn<N,;
Solution:
I, -N;<n<
Given, x[n] = { =l N
0, otherwise
We know,
x(ea) = E x[n]é-jmn
n=—oo
N )
= I x[n)e™™
n=-N,
N,
= 3 ™
n=-N,

Lﬁm=n+N1 then

X(e) = z e H6m-N;)
m=0
= i'c'jméﬂﬂl
m=0
= cl(ﬁ\'l 2§l C‘Jlllh
m=0

=] 2N,
=N S (c'JU')m
m=0)

\VC have’ g an ___l_-—_a_]ﬂ

m=0 -a -So

Discret
€ Time Signals ang Systems |39|

X(#) =6 x L=(eBy e

1—¢”
= ci(ONI b4 Lﬂmrﬂl
{ = 'e—jm

0 -j0
We know, sinf = ¢ 2;‘ . So,

:12@’.1*_11[ (2N + 1) —joIN + 1)
2 2

e - e 2 —e
joy _ JoN; N .2
X&) =¢ {ﬂ[& _@_]}
‘ -32 eZ _'e'2
2j
Lje@NH+) . @ 2 ;
X = 69 x & snfgonen)
B
¥ 62 .S1n 2
T 1g2r2~1,+1)-+j29 sin{%‘(leﬂ)}
or, X(&")=¢ %
. (@
8
sm{i( )}
sm( )
{—(2N1+1)}

: X(e"") = w (2)

iscrete Time Fourier Transform (DTFT)

?roperti_eé of D
i Periodicity:
DTET of any signal is periodic about 21

X@%= I x[mne™
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iii.

Vii.

! X(eitm*m)= E x{n]e-jnfwzm

-j2mm

= 3 x[nje?™xe

x[n]e'j‘h"

[ €™ = cos(2mm) — jsin(2mn) = 1 - 0 = 1
= X"

=~ X(") is periodic in ® with period 2.
Linearity:

If x[n] e~ X(e')

and, y[n] " Y(¢"), then

ax[n] + by[n] ¢ aX(e) + bY (&)
Time shifting:

I x(n] > X(c"), then

X[n - ]'[0] (-i.) e—.iﬂ!l:.x(ejm)

Frequency shifting:

If xn] s X(), then

“x[n] (_FI'_) X(ci(""“’"))

Conjugation:

If xfn] X(e"), then

xt[n] (_L xt(e—jm) .

Time reversal:

If x[n] 2, X(®), then
x[-n] (—E_) X(e“j"')
Convolution:

Ifx(n] <FT X(e°)

Discret
€ Time Signals ang Systems |41

P

and, y[n] ¢~ Y(e), then

x[n] * y[n] s X(&%) Y(
Proof:

FT(x[n]* y[n]]= % (x[n]*

n=-oo

n=-o

1

5 %K)

k——ou

- Fx0 3 yo-

k=— n

= Z, x(k)e

k=-o0

¢)

y[n]] ¢

k=—eo

=3 [ Ex(k)y(n-k)}e‘i""

Z y(n— k)t::J

N = =00

k) e—im(n—k) efjl!ﬂ

%3 yo-ke

n=-—oo

=X@E) Y(")

leferences Between Fourier Serles and Fourier Transform

Fourler Transform

. Fourier series is an expansion|i.
of a periodic signal in terms of]

sum of harmonically related
complex exponentials.

‘Fourier transform is 2
mathematical operation for
converting a signal from
time domain into frequency
domain.

ii. It can be applied to periodic

signals only.

ii. Itcanbe applied to periodic
as well as aperiodic signals.

jii. It is used for spectral analysis

of periodic signal.

iiiLlt is wused to solve

differential equation.

iv.For' a DT signal x[n], its

Fourier series is given by

x[n] = e o
k=0

iv.For a DT signal x[n], its
Fourier transform is given
_by

X% =

5 x[n]e

L_____.-—————————_—.
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Relation between Different Signals

. Relation between unit impulse and unit step signal:
[8(tydt=1u(t)
du(t
20— 5

«  Relation between unit step and unit ramp signal:
fu(tydt=1(t)

dr(t)

dt u(t)

«  Relation between unit impulse and unit ramp signal:

[I8(t)dt =r(t)

-5

dr

Summary:

3(t) integrate s u(t) integrate (0

d' < . -
1) lffem'lllﬂl u(t) dlfferenuati} 5(‘[)

L7 _Discrete Time System and Properties. £
System 5

A System 1S an entity or
Or more mputs or excitations
or outputs, A typical block dia

processing device which acts on one

and produces one or more‘responses

gram for a system is shown below:

. y
Fig.: iagram for ;
. 13. Block, diagram for a typical sys
utput of
. lput of a system depends upop the tr.
it . ansfer ﬁmption.
A system is said

: tobeag; .
si . iscr
gnals are discrete time in natyre ele lime sysyep if the associated

System, both input and

fem

Discret,
€ Time Signals and Systems 143]

F—-———f

output signals are discrete in time. Example: Semiconductor
memories, microprocessor, accumulator, etc.
properties of System
1. Static and dynamic system:
A system in which the output at any given time depends only
upon the input at the same time and does riot depend on past
or future values of the input signal is called static system. It
is also called memoryless system.
Examples: y[n] = 2x[n] - ¥*[n], y[n+2] = 5x[n+2]
A system in which the output at any given time depends on

past or future value of the input signal is called dynamic
system. It is-also called system with memory.

Examples: y[n] =2x[n-1] - x[n], y[n] = 5x[n] + 3x[n+2]
2. Invertible and non-invertible system:

‘In invertible system, there exists one-to-one relationship
- between input and output signal. An inverse system exists in
invertible system such that we can refrieve input from the
oufput.

Example: y[n] = x[p]

Fig.‘: Invertible system -
In  non-invertible ~ system, there exists many-to-one
relationship between .input and output signal. We cannot

_ always retrieve input from the output. A single output can
- lead to multiple inputs.

EXamplei y[n] = x*[n]

Fig.: Non-invertible system
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Causal and non-causal system:
A system is causal if the output of the system at any limg

depeénds on only the present value or the past value of the

input. A memoryless system has no delay or advances, ang
is, therefore, always a causal system. But a causal systep, iy
. not always memory less, since, it can contain delays,

Examples: y[n] = x[n] + x[n - 1], y[n] = % x[k]

k=—eo

A system is non-causal if the output of the system at any
time depends on the future value of the input signal.

Example: y[n] =x[n] +x[n +1]

Stable and unstable systems: The stability of a system is |

defined in terms of BIBO (Bounded Input Bounded Output),

If the input x[n] s finite, then output y[n] must be finite fo; |

BIBO stability.
Example: y[n] = x*[n] is BIBO stable

gk :
y[n]= X[ =18 not BIBO stable

Time-invariant and time-variant systems:
means that system does not vary as time
system, the shift in input results in correspo
output. In discrete system, the system js
satisfies the conditions:

If response [x[n]]= y[n]

Then, response [x[n — ng]) =yln-ng]...... (i)

That is, if the input is dela -
’ yed by ny, the i
delayed by the same amount n,, To output 1§ also

Time-invariant
passes. In such

time-invariant if it

The system is time-varjant if th

' € equation (i) is not satisfied.
To check time invariance s

I e LT N
S S
Lha )

et o U

iscrete Time Signals ang Systems |45]

nding shift in the - |

Example 1.19;

Check the time invariance for y[n] =.x[2n].

Eolutiou:
Given, y[n] = x[2n]
Here,

X[ﬂ] y[n] Delayed by n, y[n-ng)

y[n—np] = x[2n — ng]

Al O T

yIn, no] = X[2(n — o)}
Since y[n — ng] # y[n, ng], the given signal is not time-
invariant.

Example 1.20: . |
Check the time invariance for y[n] = sin[x(n)].

Solution: - . :
Given, y[n] = sin[x(n)]

" " Here,

{5} i Ji-a

" yin=ng] =-s'm{x(_n —g)]

x[n] ,- Delayed by f\o- x[n—nU] ylnng]
e yln, no) =sinx@-no)l -~
“gince y[n — no] = y[n, no], the given signal is time-invariant.
6 Linear and non-linear systems:

A sysfem is said to be linear if it follows sqperposihon and

scaling property.
A s:ystem is said to be non L
superposition and scaling property.

_Jinear if it does not follow

To check linearity:

For x[n] y[n].

| essing
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)

(1) ol
xqn] —>{ System |-—=y,[1]
= [ bl —>System | sy A b330n)

then, the given system is linear.
Else, the given system is non-linear.

Example 1.21:
Check linearity: y[n] = nx[n].

Solution:
Given, y[n] = nx[n]

- x[n] y(n] = nx{n]
%] —{ System >y, [n] = o, n]
x[n] y,ln] = mxyfn]
x;[n] = ax, [n] + bx,[n]—{ System | y;[n] = nxy[n]

y3[n] = nxs[n] %
=n{ax,[n] + bx,[n]}
=anxi[n] +bnx;[n] = ayi[n] + by,[n]

Since, yg[n]_= ay\[n] + bys[n] for input x;[n] = ax;[n] +
bxz[n], the given signal is linear,

Example 1.22:
Check linearity: y[n] = x*[n].
Solution:

Given, y[n] = x’[n]
~ Here,

x[n] yln] = x’[n]
%y[n] Yi[m] = x,[n]

X,[n] Y,[n] = xzz[n]
%3[n] = ax,[n] + %] —>{System | y, (0] = 215
3

[2074 Chaitra]
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ya[n] = x3[n]
= (ax[n] + bx,[n])®
= aixlz[n] +bx,"[n] + 2abx,[n]x,[n]
=a’y)[n] + by,[n] + 2abx,[n]x[n]

Since ys[n] # ay|[n] + by,[n] for input x:(n] =
the given signal is non-linear, 3 3[@] ax,[n]+ bx[n],

Example 1.23:

Check whether the following system is memoryless,
causal, stable, linear and time-invariant or not.

y[n] = sin[x(n +2)|

Solution: '
Given system is, y[n] = sin[x(n + 2)]
Here,

x[n] y[n] = sin[x(n+2)]

i. The given system is dynamic i.c., not memoryless or
system with memory since the output y[n] of the system
depends on future value of the input signal, x[n+2].

ii. The given system is non-causal since the output y[n] of
the system depends on future value of the input signal,
x[n+2]. : '

" iii. The given system is stable since for finite value of input
~ x[n], the value of output y[n] will be finite and always
lies in the range —1 to 1.

v Lingafity: , ‘

x,[n] —>{ System }-—>y, [n] = sinlx,(@+2)]

* xy[n]—>{ System }—>y;[n] = sin[x,(+2)]

x,[n] ='ax, [n] + bx,[n] —>{ System |—> y;[n] = sin[x;(n+2)]
- yi[n] = sin[x3(n + 2] S ‘

- =sinfax;(n + 2) + bxy(n +_2)]

= sin[ax,(n + 2)] cos[bxx(n + 2)] + cos[ax(n + 2)]
 sin[bxa(n +2)]

Since y;[n] # ay,[n] + byz[n] fqr input x3[n] = ax;[n] +
bxs[n], the given system is non-hnqar.
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v, Time-invariance:

][y {1 —{Delayed by > y{n-n)

)r[n — n(]] = Sin[X(n T 2 - nn)]

rj—{ Dty g}l —{Sysem}—> i
y[n, ng] = sin[x(n - ng + 2)]
Since y[n — ng] = y[n, no), the given system is
invariant.

]

time-

1.8 Linear Time-Invariant (LTI) System, Convolutlon

Sum, Properties of LTI System

LTI System

—

A system which is both linear as well as time-invariant i
termed as linear-time invariant system (LTI). Most of the practica?
systems are LTI systems. The LTI system is characterized by th
lmpulsc. response of system i.c., h[n]. The impuise. response of .
system is defined as its output when its input is impulse signal 4

Ofn] —{LT1 System | b
ik} ETSystem}— o)
Aﬁ[n-k]—-m_. Ah[n-k]

The output of Discrete Time Linear Time-Invariant S).fstem ‘

(DT LTI system) is calculated by convolution sum.
y[n] =x[n] * h[n] '
Convolution Sum

Let us consider an arbitrary DT signal x[n]
x[n] ‘

Dise
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Here, x[n] = ....... + x[=2] + x[-1] + x[0] + x[1] + x[2] + .....
We know,
By S[n+1] 8[n-1]
—>n ' +—>n + —> 1

-1 0 1 -1 0 1 -1 0 1

So, we can write,”

x[n] = .... + X[-2]8[n+2]+x[-1]8[n+1]+x[0]8[n]+x[1]d[n—1]
“+x[2] 8[n - 2] + ...
or, x[n] = E x[k] 8[n — k]
s
Since,

x[n]—{ System [yl

50, y[n] = T{x[n]} :
{ 5. 1K1 n - k]}

k =—oo

k=—co

= % x[K] T{8[n-kJ}

- y]= = x[k]h[n-X]
k===

where h[n — k] is impulse response.
This is the conyolution sum where x[n] is the input sequence

and h[n] is the impulse response.

Example 1.24:

Find the convolution between two signals:
1; -1sn<1l

x[n] = L
0; otherw:se

1; -1<n<2
and len]
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Solution:

Given signals arc
I: -1<n<1

xi[n] :1

0: otherwise
l: -1€n<2
X;[n] = .
0; otherwise

Here,

y[n] = x,[n]*x3[n] orxa[n]*x[n] [ Commutative property]
Note: JL
~ We can use both y[n] = x;[n] * xa[n]

= 3 x[k Xa[n —k]

and y[n] = x;[n] * x[n] _

= ¥ %K xb-k
k=

~ To simplify calculation, we take the first term such that
it has smaller number of terms i.. range is small. In this
example, range of x;[n] is from -1 to 1 (3 terms) and

range of x,[n] is from -1 to 2 (4 :
e (4 terms), sq we take X, [n]

y[n]=xi[n] * x,[n]
= ) ;E_m Xi[k] x;[n — k]

I
- " E_]xl[k] Xo[n-k]
=%i[-1] %[0+ 17+ x[0 ‘

~xln+ 1)+ Xz[g] +x;£2[]nx_2[;]]] A Rl 1]

In graphical representation

X,[n \

2An] X[n+1] X)[n-1]
n

0 1 2 2 -1 0 | "

Discr
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Therefore,
y[n]
1
\ 3‘
, 5 |
- 21012 3
y[n]={1,2,3,3,2,1}

T

Note: To check answers:

Add diagonally,
yiol={1,2,3,3,2, 1}
LT

@ro at marked point intersection diagonal.

Propel:tie's of LTI System
1. - Commutative property:
 x[n] * hfn] = h{n] *x[n]
Proof: : ,
Let, y[n] = x[n] * h[n]
= 3 x[gbla-K
i :

Suppose n— k= p, then k=n-p. So,
y[n]= % x[n—p] hlp]

p=o

= ¥ hlplxn-pl]

p=—
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- Causality;

We can assume any variable in place of p.

yil= ¥ hk]x[n-k]

k=—=
=h[n] * x[n]
Hence, x[n] * h{n] = h[n] * x[n]
Distributive property:

> h;[n]

o i

It 'state's that "Two LTI systems in parallel can be replaced
I‘)y a single system whose impulse response is the sum of
impulse response of two systems in parallel.

0] —{ W] =By o] + byfa] | yfn]
A0n]* (] + x{n] * b = x{n] * by [n] + ]
- Associative property: i :

OO (BT i)
- Tt states that, "Two LT svstem ; TR
3 Syst i >
single system whose i YStem 1n series can be replaced by a

im pulse response s the fo
ulse re , he co
1mpulse response of two systems in series. nyplqnq? of

x[n]y-[vn]: L]

h[n] :

A system is said to be cas

any time depends o onl t;a Lif the output of the system ;u
of the i Y the present va| =
input, ue or the past valiie

A LTI system is o

- such system, d to be Causql 'if h[n]

=0 forn < 0-In
ylnl= 3
k=E-§°X[k] h[n_k]

I T e e M S
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A LT.I system is said to be anti-causal if h[n}=0 for n > 0.
Also if x[n] = 0 for n> 0, the sequence x[n] is anti-causal.
5. Stability:

A DT LTI system is stable if its impulse response is
absolutely summable ie.,

T |h{k]] <o
k="_oa
6. Memoryless:
At LTI system is said to be memoryless if
h[n] #0 forn#0
= () otherwise |
7. - Invertibility: _
For a LTI system with irn[;ﬁlse response hy[n] to be
“invertible, there must exist an inverse system with impulse
response hy[n] such that hy[n] * hy[n] = 8[n].
Note: :
i, If x;[n] and x[n] are both causal, then x,[n]*xs[n] is

also causal. : :
i Ifxi[n] is of length N and x[n] is of length N, then
“fheir convolution y[n] = xi[n]*xz[n] has length

- Example 1.25: L 3

Find the output of LTI system having impulse response

4 .h [n] = @" u[n] and input x[n] = §e"“"’ for —oo <n <oe.
: e 2080 Baishakh]

Solution:
Given,

x[nj-= Se

‘ 1'1[n] = G)n u[n]; for —oo <pn<o

im/3, < o0
1 _,for_oo<n‘ :
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\\[’e]lm?{\[';;l * h[n] or h[n] * x[n] [Commutative property]
ym=

= 3 h]x[n-k]

k=—c

= (T} itk
- e
- £ (3w

1; fork20
0; fork<0

o MK
y[n]:z(%) Senmezm
k=0

s = (D
k=0.

= §imA3 E (l e—m)k
k=0 \2

1

] —e ™3

—sgmi_ 1 l: < 1 ]

=5e™i 10.577)
. y[n]=5(1- i0.577) eim3
which is the required oy

tput of LTI syster. '
Example 1.26: ] — |

Find the gy

tPut of LTI system hq
8[n+2] + [

ving input signal x[n] =
0-1] - §[n-3] anq h[n]

=‘26[ﬂ+1] + 28[11__1].

(2079 Bhadra]

Given,

X[n] = §[n+2) +8[n—1

1= 8[n- 3]
n) =28 + 17 + 251,

-1]

— Discrete Time Signals ang Systems |55

In graphical representation,

8[n+2] 8n-1] ~3[n-3]

28[n+1]
2¢.

1

, . 1 > 11
] -1 0 1

So, x[n] = {1, 0, (%, 1,0,-1}
h[n] = {2, 0, 2}
[n] ;

Now, y[n] =h[n] * x[n]
= % hik]x[n—K]

k=—00

= 3 bigxn-K
a1 BO] ol bl X~

"~ 2x[n+ 1]+ Oxx[n] + 2x[n - 1]
. y[n]= ix[n +1]+2x[n— 1]




In graphical representation,
x[n]

-2
2x[n-1]
4
‘ 2" .
l- ]
359 0 ) Sl
2 3 -
N 4
—2( -
Therefore, A .
y[n]
2
1
323 lo
. >
4 1 2 3 4 n
-2

‘chce, y[n]=1{2,0,2,2,0,0,0,-2}
- T ’ b

Example 1.27: -
Find the o ' :
(1 : utput of LTI system having ir_npu!se response h(n]
= 2) {u[n+2] - u[n-2]} to the input x[n] = 2,1,0-1,4}. -
' [2079 Baishakh]

Solution:

GiVCD, X[Il]= {2’ 11 03 _la 4} and h[nlz(%)n {u[n+2]-u[ﬂ—2]}

" In graphical representation,
ufn+2] ' u[n-2]

1 g )
" on  — _ \
s 1 5/

u[p+2] - u[n-2]

1‘_

N B R oYt

So, h[n]l. = %)n ;—2<n <1
= {4,2,1,0.5}
& ‘ T
Now, y[a] = h[n] * x[nl]

= 3 hliJxin-K]

— & HKx-K
k=-2 :
22 el ORI

or, y[n]=4x[n+ 2]+ 2x[n+ 1]+x[n] + Q.Sx[n -1]
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In graphical representation,

x[n] 0.5x[n-1]
4 2
: I l 0.; ! '
0l 1 2 134 g)n _0.50 ) § 14?11
) -1
2x[n+1] _4x[n+2]
84 16
6 12
4 g
: kL

-1 01]2511
24

Therefore,
y[n]

— kA et bt et
+ + + + —t

IHNWAMO\TIOO_\Q

s 32

_3__2_ 0 —J
I'.z 3456
=1 e

~ y[n]=18,38, % ~2,145,7,3.5, 9

L

i
screte Time Slgnals and Systems 159]

Example 1.28:
+ Find the output of LTI system having impulse response

h[n] = u[n] — u[n — 4] and input signal x[n] = G’)n u[n].

[2078 Bhadra]

Solutiqn: '

Given,

1= ()" vin)

" bin]=uln] ~ufn—4]

<

In graphical representation,
u[n] u[n-4]

1.2°.3

i \ \ ‘."";n | [ !‘;‘n
0:1isi2 ~5 4 0 4 5

u[n] —u[n4]"

—— ‘.—~n
0 1 3

So, h[n]= {1,1,1,1};0<n<3
T .

+ Now,
y[n] =h([n] * x[n]

= T hKlx[p-K
i k=—o0e 3

= % hik]x[n-K]
k=0 :
= h[0] x[n] + h[1] x[n-1] + h[2] x[n-2] +h[3] x[n—3]
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& y[n]= x[n]+x[n—‘l]+x[n—2]+x[n_3]

In graphical representation, Solution:
x[n] : x[n-1] Given,
b R ' ‘
1 - 1 ‘ x[n] = )" for—1 <n<3
112 172 : .
72 122 -~ x[n]={0.5, 1, 2,4, 8}
J ”[2 fjoé l [ 1/23 and, h[n]={3,0,2, 1}
I-.-'- - y T
u +—>1n I - =% ;
0 1. 27354 012“32——»11 | | Now,’[1
o x[n-2] X[Il—.3] N ; Y[n] = [Il] . X[l'l]
| f g — = % hlkIx{n-K]
123 T
: [ gt PR [ | = ¥ h[k] x[n—k]
e L k=-2 |
R ER. o RGN - =h2x(n+2) + h{-1jxat1] + h{O][n] + b1 x[n=1]
ek o Il 29t 4 o = 3x{m+2] + Oxx[n+1] + 2x[a] + xx(n-1]
5 © xfa] : T e s oyl =3x[ne2] + 2xf] + Xl 1]
F ] Solve like previous one.
RGeS : N
! : = ' o 1.9  Frequency Response of LTI System
S TREET O R SR
‘. Input 51de——->-x[n] H(ei®) o] = x[a]*bla] utp-ut side
" X(e) Y (&) = X(ei®) H(E)
Fig.: Relationship between inputs and outputs for on LTI discrefe--
: ' time system - '

ut x(n) is applied to a discrete-timie system h[n], we get

It inp
olution property, we have

dutput y[n]. By applying conv
y[n] =x[n] * h{n]

- y[n]=

{1,1.5,1.75,1.87 ' :
- ) 21./0,1, 5 aoe .
o 75,0.9375,046875,0.234375,. .3

Find the output of

) LTI e :
h[n] with h[-2] = 3 h[()]sy_Stem having impulse response Henc‘e, ; -
x[n] = 2)", for 1 S;l i A-l 2, h[1] ='1 ang input signal o Y(&°) = X(€") HE)
; + AlSo, check the.answ : e] .
- er e
: Ho®) = 1)

Y
L e PG | St

' DjSCI’ete . . -
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H is called discrete-time system 's frequency respong, SUP;KLSE x[nl] be .the ldiszete timffr SigﬂaldObtﬂiﬂed by taking
the analog signal x,(t) eve seconds.
H(c"™ is, in general, a complex function. Hence, we can write sampl?s 0 ESIg ) every
i = (™™ We have,
H(e) = [H(e")|
. Then,
¥ x[n]
[H(&®)| is called magnitude responise of the system, ; A : /x 0
' n ‘(
B(w) is called phase response of the system. )=
1.10 Sampling of Continuous Time Slgnal ‘Spectral
Properties of Sampled Signal ; | ; 1 2 7 5 IET
Sampling of Continuous Time (Analog) Signal \ T AT 3T ineares IT sisies t=nT
Most of the signals that we use in practical life ‘are * “The time interval T between successive samples is called
continuous-time signals such as speech signals, the sesmic signals “' ' al =F; is
“ | terval and its reciproc
and the image signals. When these signals are to be transmitted | - samplzng period or samplmg interva T
;"’e”f’ distance, or stored, or are to be processed in some manner, a called the sampling rate.
ot of advantages are possible if these s; i log signal.
ignals are first converted Acos(2Ft +6) ...... (i) be an analog sign
into discrete/digital signals for various operatlons | : Let x,(t) = ( )

Sampling is a process of converting continuous

1
If sampled periodically at the rate:lrsamples per second,
(CTS) to discrete time signal |

time 51gnal
(DTS) by taking samples at discrete

instances of time, yields. )
Anale X, (1) | % . ( i . %,(nT) = x(n) = Acos(2nFaT +8) ....... (ii)
0g signal —-"_ _ [X]=x,mT) : . a
. Dl £ i l : o - wan
FS = l/’l" Scl'ete tlme Slgnal i x(n) = Acos(_z_i:@ + e) ........ (111)
S . ? S -
Sampler _ _
F. = Samplin i ' 3 We know that,
i sam:un :-ﬁfque];cy (sampling rate) ’ (n) = Acos(an + 6) = Acos(2rtfn + 6) woeee: (V)
interva - iy
[ ‘ : ion (i tion (iii), we get
: Let us consider an analog signg| xu(t). . _ \ Comparing equation (iv) and equation ( g
ol | RS R
o 7
" f= Normalized frequency of DT signal
F = Frequency of continuous time (CT) signal
F, = Sampling frequency
0 t _ s _
\_ 641 Insights on Digital Signal Analysis and i
D .
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_ 40Hz

Note: To convert CT signal to DT signal

i, Divide by Fs
Change tton

il.

Sampling Theorem

: Any CT signal can be represented by its samples
original signal can be reconstructed from the samples if i,

F,>2F,,

d
l
where F, is sampling frequenc . : |
: y and E, is' maximyy |

frequency component in original signal. 50 ‘m‘aXImum

Nyquist rate: 1t is the mini e S
defined as unimum sampling frequency and is
F=2F,

Nyquist i o i »
Yquist interval: It is the-maximum: time interval and -isA

deﬁne-daSTs-_-L :L . h
Fs 2Fm ' i 7 v : >

Example 1.30; : &yt
: i f

continuous time sj
oy signal x,(t) = cos2m(10)t sampled at F, =

Replacing the yalye in the ¢quati
Xi(n)= cos(2itfn) o

£
R )
Example 13]; = —————
\,\\“m_
8 discrete tipe

Find the correspondip

continuous ti "
me sj Signal for the given

B O)t sal“pled at F5 3
‘.‘_\_\‘—‘
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Solution:
We know,
_F.530_5
“F, 40 4

Replacing the value in the equation,
%o(n) = cos(2nfn)

olt)
olfeed]
cof§n)

From last two ,example's.,' we can observe that the discrete
time signall(sampled signal) for CT signal xi(t) = cos2m(10)t
and xx(t) = cos2m(50)t is identical ie. xi(n) = Xo(n) =

T ; . '
008(5 n) . If we are given the sampled signal, we will not be

able to distinguish if the sample signal is due to x(t) or x(t).

We say that-the frequency F; = 50 Hz is the alias of the

frequency Fi = 10 Hz at the sampling frequency of Fs =
~ 40Hz. ]

- Example 1.32:

_* Consider the analog signal: x,(t) = 3cos100mt

a. Determine the minimum sampling frequency to avoid

aliasing.

b. Suppose that the signal is s
200Hz. What is the discrete ti
sampling?

c.’ Suppose that the
Hz. What is the d
sampling?

d. What is the frequency 0 <
yield samples identical to th

ampled at the rate F,=
me signal obtained after

ignal is sampléd at the rate F; =75
jscrete time signal obtained after

F<FJ/2ofa sinusoid that
ose obtained in (©)-
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Example 1,33:

Solution:
We have, F = 50 Hz [From question]
a. F,=2F, |
=2x50
= 100 Hz [Minimum sampling frequency]
b.- Here, F,=200 Hz

xX[n] = 3cos(27t —FF n)
v, 50 ~Y-
=3 A
COS(Z'JI: 200 n)

- T
= 3c0s(5 n)

. Here,F,=75Hz v

x[n] = 3603(21: ;—g n)

= 4n

= 3COS(—3“ n)

= PhAR 2
3?‘“[(2“ -3 ]

= 21

= 3cos(-3— n)

1
f=3 (from c)
and., Fs=751_12

i Peppod '
Fp=3xP5=25p; *

Sq, X(t) = 3cosf_21t(25)t

= 3c0s(50m) [+ Acois(amy)

Consider ap analo
— cos100xt,

4. What is the N

o

g signal _
=2 X,(t) = 3c0350m 4 10“&300”

Yquist rate for thjg signal?

signal r
fl
T after sampling at Nyquiét t
ate.

e

DFSC ete l
(] ””'e ms 6:

Solution:
From the given signal x,(t), we have
F, =25 Hz, F, =150 Hz, and F; = 50 Hz
Thus, we can say F ., =150 Hz
a. According to sampling theorem,
Fy = 2F ax = 2 x 150 Hz = 300 Hz
Hence, the Nyquist rate is 300 Hz for tﬁis signaf.
b. The DT signal after sampling at Nyquist rate is

50 300m 100w

% = :
x[n]=3co%n+ 10sin 300 095300 n

: T : T
= 3_003(‘6' n) + 10sin(xn) — cos(g n)
_. Observation: The sampled signal is x[n] for the original
" signal x,(t). Here, we can observe that the signal component
103i1_1300nt sampled at the Nyquist rate 300 Hz results in the-
sample lﬂsin(nn),.which is identically zero. This is because
we are sampling the analog sinusoid at its zero crossing
point and we miss the signal component completely..

The remedy is to sample the signal at the rate higher than the

Example 1.34:
Consider the signal,
10cos120007t. :
2. ‘'What is the Nyquist rate for this signal?
b. If we saniple the signal at 5 KHZ, what is the DT

signal obtained after sampling?
signal obtained after we
1 obtained above using ideal

x,(f) = 3c0s2000rt + Ssin6000t +

c. What is the -analog
. reconstruct the DT signa

" interpolation?

Solution:
From the given signal, we have
F, = 1000 Hz, F = 3000 HZ. F, = 6000 Hz
= 6000 Hz

“Thus, we can say Fmax
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a. According to sampling theorem,
Nyquist rafe = 2F = 12000 Hz = 12 KHz

b. When sampled at § KHz, i.e. Fy = 5 KHz, the DT signa
is

00 6000 12000
x[n] = 3c°5@300 )+55m(5000 Tm)+10 os( 5000 mn
. (6mn 127tn

or, x[n] -=3cos(z§—n‘) + Ssm( 3 )+ ]0005( 3 )
=3cos(2?m)+55in[(2n—‘g—n)n]+10cos[(2n+25-7—t-)n]
= 3cos(% n) - SSiTl(‘tS—n n) + 10cos (% ﬁ) /
= ]3008(% n)’+ SSin(ESEn)

| _ | 1 s Sk

. X[n] = 13008(27! Xg n) i 5311](211; xg l'l)

C. x(t) = I3cos(21tx‘lx5000t) + SSirl(?.TD(%dOOOt)

= 13005(2000m) + Ssin(40007)

Here, the signal is undersam
cannot be reconstructed.

Sampling CT s
Signal

pled, so the original signél

ignal and Spectral’ Property of Sampled:

__‘_-—_
0“‘”\4
w

Now, to find the 7

, samp] :
impulse train (1), P88 ok x(t-)., We multiply x(t) with

(0]

Di
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Mathematically,

Srs()= ¥ S(t—KTy).

=_—00

Bs(t) Multiplier ——>g(t)
x(t)
' - x(D)
A
3
—>t
0

Fourier seties in trigonometric form is
Ors(t) —ag+ ¥ agcos(mait)
k n=1 2
here.a0=T and 2, =7,

o'r 8rs(t) _T_ += cos(mst)+'— cos(20)st)+ cos(3cost) s R
or st(t) =T [1+2005(u)5t)+2cos(2cost)+27:os(3 ({)st) o oma s

or, g(t) = Srs(t)x(t)
[x(t) + 2x(t)cos(u)st) + 2x(t)cos(2cost) + 2x(t)cos

- : ssing
70] nsights on Digital Signal Analysis and Proce



As x(t) = X(jo), | |

Zx(l)COS((l)sl) = x(’i(l)‘jms) s X(](l) +jm5) | m i3

2x(t)eos(2at) - X(jo - 2ja,) + X(jo + 2jay)

Z-TRANSFORM

~ - G(jo) =Tls[xo‘w) X0 j0) + X(0+jo) + r

2.1 Definition, Convergence of Z-transform and Region

X(jo-2jo) + X({o + 2jay) + ... ] ' o Yof ConVergenCe o '
Y | — = '
& Gjo) =7, ‘T X({o-jka) ‘Definition
XGo) Z-transform of the DT signal x[n] is defined as the power
\ series, ' '
X(z)= E x(n)z™"
n=-e
_ 'wherer z is a complex variable. It can be expressed in polar
= M R fonene,
- z=1¢°

- where ris the magnitude of z and ® is phase angle in radian.

~ Z-transform makes the analysis, designing and realization of
‘ DT signal and LTI system very easy. It converts difference

M ' : - | - equations into algebraic equations, which are‘easy to manipulate
X{ I Ao N " and solve. : .
‘2(1) :—(Ds _mmo 2 ) >

) Oy @ 20 - We can obtain x(n) from X(z) and the process is called

To reconstruct X(
: _ ) from g(t / '
G(jm). This recovery s only }i()s)s,iwe need to recover X(jw) from

. ble Tf e .
between successive cycles of G(je) e g overlapping

inverse z-transform.

x(n) <X X(2)

For o overlapping, . Regi(;n of Convergence (ROC) _
i G2, o i ~ Region of convergence (ROC) of X(z) is the value of z for
ie., f,22f AR . which the X(2) converges/results in a finite value. _
Once the congit; > * Properties of region of convergence (ROC): :
G(jo) using low pass ﬁ;:, " 15 met, X(jo) can be ' , i, The region of convergence (ROC) does not contain any pole
= fecovered from ' of X(2). |

i,  For a finite duration causal signal, the ROC is entire z-plane

except z = 0.

— %

Discrete Time siorr
& Time Signals ang Systems |71]
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Im(z)

Causal

i Fora finite duration anti-causal signal, the ROC is entire
plane except z = . ' ‘ ;

0

iv.  For a finite duration two-sided si : -
i signal : .
plane except z=0 and z = o, , the R_OC 18 entire z-

Al

Im(z) .

Z'Transform I 73]

h

vii. For an infinite duration two sided signal, the ROC is
n<jzl<r. ’ :

T

0

2.2 Properties of Z-Transform =

1. Linearity:
If x;(n) (-ﬂ—) Xi(z) ;ROC: Ry
. and, X;(n) LA Xy(z) ;ROC:R,
Then, . :
ax() +bx(m) 2 aXu(d) +bXa@) ROCRiNR
. Proof:

x(n)z“”.

EM%__

X(2)=

n

I

E @+ baml”

axmz"+ T bomz”

n=-o

M3 .

G ME—R v

3 5 x@z"+b T x@®z"

n=-—so n=-oo

= aXy(2) + bXa2)
ROC of overall transform is the inters
the individual transform.

2. Time shifting:

ection of the ROC of

1f x(n) 2 X(2) .ROC:R
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Then,
x(n—k) %@
Proof:

;ROC:R'=R

2T [x(n-K)] = ¥ xn-kz"

n=-

Putn-k=n\thenn=n'+k

ZTn-K]= $ x(m)z®®

n=-o0 I

=5 x(n) 2"
n'=—e

= Z_k E X(n‘)z—n‘

- n'=—=

=7*X(2)
ROC of the overall transform is same as
forz=0ifk>0and z=eoifk <.
Scaling in the z-domain:

v

. ‘
[fxm) =Xz  ;ROC:R=r< lz| <1,

Then, a"x(n) <—£—> X(a"i);ROC :R

=lalr; < |2] <.
S lafr: <[z] <Ja]r,

ZT(x(n) = T X(n)z”" = X(z)

or, ZT[a"x(m)] = ¥ a"x(n)z™

N=—o

- & oy

= X x(n)(az)m
nN=—o
= X(a"z)
Also, the ROC of X(z) is I
So, the ROC of X(a™'z) i n<la'z <y
2

= Ialr] < IZI < |a|r2

Z-Transform |75|

that of x[n]‘ except

4. Time reversal:

ZT
Ifx(n) «——X(z)  ;ROC:r <z <,
Then,

e EHXE  RoGL<p<L
1

Proof: _
ZTxm]= ¥ x(n)z"=X@)

n=-—o

ZTx(m]= T x(n)z"

n=-—co

Letl= Qn, then,

ZTx(n)]= ¥ x() 7

=00

- T x0EY"
[=—0 »
=X(@")
Also, the ROC of X(2) is 1) <|z| <T2
So; the ROC of X(z ) is 11 < Iz <t

1 1
—< & —_
=>4, <l<q

5.  Differentiation in z-domain:
fxm) <ZEsX@ ~ ROC:n<p<r
* Then, !

i ZT F‘Zii_xd_g)- ;ROC:-r1<IZ|<1'2

Proof: e !

X()= I X"

n=-oo

dX(@z)_d( = ‘")
oL " dz =~ dz Ej(n)z

in
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= v -nx(n)z
n:-m

= E - nx(n)z 7!
n=-2

=:;:- ; nx(n)z'".

n=-=

X(z) =z ZT[nx(n)]

g0

dz

oy
. ZT[nx(n)] =
6.  Convolution:
) T
If x)(n) e—— X(z)

and, xq(n) 2 Xy(2)
Then,

xi(m) * xa(n) 2 Xi(2)X,(2) = X(),

ROC of X(z) is mtersec

tion of ROC
transform X (z) and X,(z). &
Proof:

(2) = ¥ X(o)z"

N=—eo

and, * Xo(n) = y

» X)(n) * Xy(n) kzqul(k) Xx(n-k)
Now,
ZT[x,(n) * Xa(0)] = X(z)

_kE XI(k) Z Xz(n_k)z—n

=g

the mdmdual

=5 -2 il _
Rl Pl R

= Z xl(k) Z xz(n k)z—(n k) -k

. TTransform |77|

?f

= I oxlzt T wn-kr ™
T n=-—os
= Xi(2) Xy(z)

i’oles and Zeros of Z-Transform

Z- transform can be represented as the ratio of two
polynomlals inz"' (or 2).

X(z) = %é))'

_bot bz + bzl + e £ bz ™
Aot Az Azt et AZ

m
¥ by z*
k=0

Moy
Y az
k=0 )

- Poles: Values of z for which X(z) = e are called poles of

. X(2).
Zeros: Values of z for which X(z) = 0 are.called zeros of
X(2)- :
Some Standard Z‘-Tran‘sforms_
Function, x() |0 - X@ . |~ . ROC
3(n) [ Allz
u(n) 1 |z| > 1
: bz
a*u(n) ol 12> al
ik 1—az
a "u(n) 1 1
bu(-=n - 1) e tz] <Tbl
1-bz _
na'u(n) az |2 >a
| | @ |
vii. na“i(-n—1) _;az_‘n lz|<a
e
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|

Example’ﬁ:’_’/’_’—"—\ | , | |
Locate the ROC of the following signal. and, region of convergence: | > 0.6

x[n] = (0.6)"u[n] + (0.25)"u[n]. 2075 Sh% ' |

Solution:
Given signal is
x[n] = (0.6)"u[n] + (0.25)"u[n]"
Z-transform of given signal is | o

) ¢ ) - Example 2.2:

X@)= ¥ x[n]z”" } ' ' Find z-transform and locate the ROC of ‘the following
n=—e signal.
x[n] = a"u[n] + b"u[—n 1] [2075 Chaitra, 2070 Chaitra]

= E [(0-6)‘51[n]+(0.25)“u[n]] =y,

Solution:
> (0. 6)“11[11]1‘“ + 5 (0. 25)"11[n] Given signal is,
T = . ' “x[n] = a"u[n] + b"u[-n-1]
ufn ={ L, forn20 SN, The z-transform of given signal is
0, forn<0 ; ' - _ _ g

So0,X(z) = Z 0.6z + Z . 25)“ gol : -
= 2 [2"u[n] + b™u[-n—1]] 2"

n—O l
|
_Z(OGZ)+2(0252~1) | w( B
Also, ¥ 2 _&1_’ |a|<n1=0 “3 : s =n Z_ma“u[n]z =+ Z biu[-n— l]z 3
N : - =Xi(2) + X(2)
For X,(z), ]

or, X(z) =
er—hO—zS‘zT Xi(2) + Xy(z) e
X(z)=" %-a"u[n)z"

ForX (z) ROC: |0 62| <1
n=—eeo
= |z| >06 _ .
ForXy(z), Roc: ;e - 1, forn20-
’ [0.25 : have, k
HZ I<1 7 We have, u[n] Ti, B
: =12>025 - | . =, ' P o ,
TherefOre - ‘ | = i i
: n=0
X(z)= —-(E;[+ . L _ :
0 25 e 3 ) - ¥ — (anz— )1] .
'\ | T
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We know,

o ]

Tty | SlE
n=0

d 1
= n,-lyn _
SC?, X,(z) ;Eo (az ) 1—_—a-2:r

Also, |az”| < 1
= |z>]a] -
RQC: |z]> |a]
For X,(z),
XE(Z) = E bnll[—n = l]an
n=-—o L
1, forn<0

- We have, u[-n-1]= N
0, forn >0

SO, X2(Z) = _zl . bnz—nA.

n=-co

_ ZTransform |81]

73 Inverse L ransform b

‘transform of X(z). The

Also, [b™'2] < 1= |z] < b
-, ROC: |z| < |b|
Therefore, .
X(2) = Xi(z) + Xo(2)
1-az 1—bz
And, ROC is given by the intersecti £ indivi |
i . ion of individual ROC of
~Zf. a= b, there will be no intersection so there will be no
~ region of convergence. P :
— If a > b, there is no common ROC so the z-transform
does not converge and X(z) does not exist. -
Im(z) ’ '

i

7

(N

A
g =
T

If a <b, there is a common region of convergence (ROC)
and the z-transform converges, so X(z) exists.
; Im@z) :

[bf <lal

X(z) does not exist

.

> Re(2)

ROC for X(2)

IR e
. Hence, X(z)s-l—:;z‘-'r —.Fl——_l;zjlfROC' |a < |z < [bl

y Long Division and Partial

Fraction Expansion =
ecover the original signal x[n] using the inverse z-
most common methods used are: |
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i. By long division
ii. By partial fraction
i. * By Long Division

N )
Given, X(z) =5%, we divide N(z) by D(z) and get the

quotient as a series in powers of (z). We try to obtain
2
form i » ‘

X(z)= E x(n) ™"

n=-—co

where x(n) is the coefficient sequence of various
(z'') in the quotient. '
[Note:

powers of

T.o solve causal signal, we start the divisor with
highest term at the beginning,

To solve anti-causal signal, we start the divisor witt
smallest term at the beginning. L 1

Example 2.3; A ] - ek
Determine ¢he inverse z-transform olf :

X(2)= 1 :

L fzg>1 e 2

ii, Izl <05 Ty ‘ :
M

Given,

X(z)= 1
: 1~157 +0.5z7
L Here, -

for |z| > (casual signal)

. ZTransform |83|

g 3 7 15 31 63
1 2 1 2
1-1.527140.5z )] (1+ 'k b ra +—-8 z—3+__16z_4+ 32T5

(1- —32-r’+ %rz) 1—%z~1+ 1,2

2
Bt 1.5
Rl
%Z‘l—%z‘2+%z"3
i 2141
42‘2— 2 73+ 82_4
1—852‘3—%74
15 3 45 4, 15
87167 T 167
31 15 s
167~ 16%
31 4 935,31
EZJ‘—322.'_+3226
63 31
HE R
63 s 189 4,63 7
32 6a LT 6a”
127 5 63,4
647 64>
: i 7
X@=1"1577+052"
: 3_7_12—32-4.@45
=1+ -'+Zzz+gz t16% t37Z +

=7z
2

.. Comparing with power series for caugal signal,

 X@=% x[nl”

n=0 .
=x[0] +x[1]z" + X212+ X3l + e
3715318 }
: x[n]={l,§,4, 216732 "
T
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ii.

ii. Here, for |z| < 0.5 (anti-casual signal),

1

32-222
32-9224+673
12%-67°
. 7222123+142
1523-142*
1523457443075
31243025
312932546226
63z°—6226
632°-18976+12627 -
12726-12627

@ 1-1527+0.57 TN R

: =27+ 62 + 1424 +302° + 626 + 12627 + -
omparing with power seri i-consal signal,

: power segeq for antl-causal signal,
X@= 3 xn) oy

=

=Xz + X212+ x[3

- X[n)={ 12+ X417+

ZTransform |85|

! z_z_% TH)T (2224623 +1424302%4 622412627+

S.N.\' Form of the raﬁonal

* From of the partial
function i
i, L%(x"fa) - | A B
2 (x-2) (x-a)
il pxX“+gx+r A B ) C
(x—a)x-b)(x—c) o L gy
iv px’ L G A Bx+C
"lx—-a)x +bx+c) R T
 Example 2.4:

: . +2tegh
- Find the inverse of H(z) = a __(01-75?1 Y 0z12)5z'2); ROC:

0.25 < |z < 0.5.

[2080 Bhadra]
Solution: ‘ ‘ |
T e g ;
Given, H(2) =T 75,77 L7, ROC0.25<[¢| <05
s
_-1 Z z e A42z+1
H@=""075 0125 2~ 0.752+0.125
: Cemoe e B e
7Z+2z+1 ‘ =
or, H®) =025z 0.5)

H(z) 7+2z +1

z z(z—025)z-05)
Using partial fraction, we have ;
A4l & A

Lé_t Fz)=

e ¥
F@)=3—025)z-03) 2 %- 025 2=05
A(z-0.25)(z-0.5)+Bz(z-0.5+C2(z-025)

: g z(z—O.ZS)(z—O.S)
A(zz—0.75z+0.125)+Bz(z~0.5)+Cz(z—Q.25) :
: 'z(z—0.25)(z—0.5) Co

Az2—0.75Az+0.125A+Bz2—0.5Bz¥Cz2—0.25Cz
Z 7-0.25)(z0.5) )

(A+B+C)z2:g0.7»5A+0_.513+0.250)z +0.125A

= - 7-0.25)(z-0.5)

: - In
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Comparing coefficients, we get
0.125A=1
or, A = ﬁg =8
and,
A+B+C=1
ror, §+B+C=1
o, B+C=-7.....(1)
and,
-0.75A-0.5B - 0.25C =2
or, 0.5B-025C=2+0.75 x 8

On solving (i) and (i), we get
‘B=-25andC=18
Therefore,
8 25 18
F(z)=—_—=%2__ ——l
@) 2= 025" = 03)
o 2D 8 25 g5
Z Z (z-025) (z-0.5)
o =222 gy
Z (z2-025) (z-0.5)

Or, H =Q 25 18
(Z) 8 m 1 1*._\05?
Ta.l(ing inVel’Se z=

h[n]=8'8[n]—25(t(r)a;:§:1n[]:}wjget E
w

F.:!l;‘d+ 2z§lie3z +i|;verse 'Z-transrorm of  X@) =

ex;fn;iifin;tllzod,; A Ak 0T5’ Hstng pavrtia] flractioll

Solution: : [2079 Bhadra]

ZTransform 187]

Using long division method, we have
71571 m2ﬂ+51
' 24372272
)
573-7.522-5z
95

‘ 952 +2z+2
So,X(Z)=2_z2+5z+?ZTﬁ

. ._E(ZL 952 +2z+2
Lt M@= " = 2+5% 2 1501y
' 9522 +2z+2  9.57+2z+2 -
Suppose Y(2) =32 1577 1) " 2z +0.5)z-2)
Using partial fraction, we have
2 B ) C .
2+05 z-2

A(z+0.5)(z=2) + Bz(z—2) + Cz(z+0.5)
=v - z(z+0.5) (z—2)_ '

A
Y(z)= - +

- A(z2-1.5z—1)'+Bz(z_2)+cZ(z+o.§)_
- 2(z+0.5)(z-2) -

AZ—15Az—A+BZ-2Bz+CZ +0.5Cz
= 2z +0.5) (z-2)

(A+B+C)Z—(1.5A+2B-0.5C)z—A
= Az +05)(z-2)
Cc‘)mparing“coefﬁcieﬁts, we get
or, A=-2
and, :
_15A-2B+0.5C=2
or, 2B+05C=2+ 1..5 x .—’2
| or, 2B +0.5C e (i)
and,
A+B+C=95

. Processing
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or, B+C=95-(-2)
or. B+C=1L5 v (i1)
On solving (i) and (i), we get

B=27andC=838
Therefore,
_2 g 88
Y@)=7 Z+05 z-2
and, _
22 o Dl 88
F(z)-il“h” PR VT He)
272 88z
or, X(z) =22’ + 52— 2+z+05+z 2
R 2.7 8.8
or, X(z)=2z .52—2+1+054+1 271

Taking inverse z-transform, we get

x[n] = 28[n + 2] +58[n + 1] - 28[n] - 2.7(-0.5)u(cn — 1] -

8.8(2)%u[-n— 1]

Example 2.6:
Find the inverse z-transform for H(z) = ﬁ—— using
: z+1 "
partial fracti L )
ction method for 3< < L. [2079 Baishakh]

Solution:

Gi _ z
iven, H(z) m; ROC: % <l|z]<1 -
or, H(z) = —z |
3(z- l)(z—%)

Let, F(z) = Hizﬂ = 1

e — L)

3(z - 1)( _%)

Z-Transform |89

e

Using partial fraction, we have
_ [ __A B
F(z)= N 3z-DT7 N
3z-1) z-3 (2—3)

A(z‘—%)-PSB(z— lj

3(z- 1)(2 —%)

1, =2
Az-3A +3Bz—3B

o '3(2—1)(2—%)

(A+3B)z—%A—3B"

e ' 3(z—1).(z—%)

Compaﬁng 6oefiici§:r_1ts; we get =
A+3B=0=>A=-3B
and, . : L

R
P
|—= 1 4

(&8 ]
los]
I
i)

Thérefore,

H@ 32 12
H)= Y
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11
n% 3t
o, HO)=7 7~ 1
=4
12 12
or, @) =77
_374

Taking inverse z-transform, we get

hfn] = _2—1(1)“11[—11 -1 —% @n u[n]

7 +157+05, »ROC:[z]<5

Let Fp) - X@ _Z+7+152+05 7 :
F@)==, 2z +152+0.52) z2+Z2+1'SZ+O'5

| | z+1)(z+0.5
Using partial fraction, we have 4 ' :
-SERREL AL b e

(2 + ; z+1 z+05 '

:%
N @ )(z+0.5) '
~AZH0SAZ+BZ+BA(Cpt
. .
s Z+1.52+05

= AZH05AZ4R A p 2 ’
= +C7+1.502 S
e +07‘50)v5CZ+Dz2+1.51)z+0.513

(A B ! . f ! ! ! -
. .

(@t1)(z+).5)

\
Z-Transform |91|

Example 2.7: !
Find the inverse z-transform of X =
(' +7+152+05) 1 C ('2) u
@ +152+05z) > ROC: [z <3. [2078 Bhadra]
Solution: .
Given X(z)=z3+zz+1.5z%0.5 L E

—

Comparing coefficients, we get
0.5D=0.5

= D=1

and, 0.5C+ 1.5D=1.5

or, 0.5C+15=15

= C=0

and, .
05A+B+15C+D=1

or, 0.5A+B+1=1

or, 0.5A+B=0.....(1)

and, )
A+B+C=1
or, A+B+0=1

or, A+tB=1.... (ii)
On solving (i) and (ii), we get
A=2andB=-1

' ~ Therefore,

. Xz 2 1 1
P@ ==, Szxl2+05 2

, - 2z 2, 2
o, XA=74172+05 7

1

. s
of, X@ =131 1105z 'z

' Taking inverse z-transform, we get -
x[n] = ~2(-1)*uf-n — 1]+ (-0.5)u[-n— 1]+ 3[n—1]
Example 2.8: '

Find inverse z-transform of

z . : .
X@) = {z-06)@+ 05}’ ROC: |2/ > 0.6 [2076 Ashwin]

. Solution:

Z - .
Given, X(z) = Z-06)z+ 05 ROC: |z| > 0.6
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Let F(z) = M W

Using partial fraction, we have
. ¥ e = PRI ¢
Fo) =506 1 05) (00) 2+035) @+05)
A(Z+05)+B(z+05)(z 06)+C(z 0.6)
(z- 06)(z+05)

A(z+z+025)+B(z— 1z—03)+C( ~0.6)
(z-0.6)z+0.5)°
Az‘+Az+025A+Bz -0.1Bz - 03B+Cz 0.6C
(z—0.6)z+0.5)*
(ALB)22+L0 1B+C)z+025A 0.3B — 06C
' (2-06) (z+0.5)"
Comparing coefficients, we get

025A-03B-06C=1... (11)
On solving (i), (i) and (iii), we get
A=0.826, B =—0.826, C=—0.909
Therefore,

Fo)=X@_ 086 0826

0 909
z

(Z 06) (z+05) m

0.826z 0 32
or, X(z)= 0826z 909

0.8
or, X(z)= _%“—?L%S‘r 0909 0.5
Z

z+0,
Taking inverse z-transform, we get ( 7
x[n] = 0.826/(0, 6)"u[n}
-0.82
. 6(-0.5)"u[n}+ 1.8 8n(-0.5)"u[n]
Find the 4
zz:; % il nverse Hransform  of X(z) =
(Z-0.1z-03) ;ROC:
2) Izl <0.4, [2073 Chaitra]

Z-Transform |93|

w—

- S0, X(z) =2z +

Solution:

22°+22 +32+5
22 ~0.1z-02 H ROC: lZ\ <04
Using long division method, we have
22-0.12-0.2)223+222437+5(22
273-0.272-0.4z
227243 47+5
2275 +34z+5
Z-0.1z2-02
X(@) o 222434245

LetF@) ==, =2% 372 0.12-02)
222 +342+5. (222+34z+5)
2z -0.12-02) z(z+04) (z-0.5)
Using pa.rtiai fraction, we have
e 000 4 3z S _A, B _C
Y@ =31 04)(z-05) z z+04 2-05

_A(zH04)(z-0.5) + Bz(z-0.5) + Cz(z+0.4)

. Z(z+0.4)(z-0.5)
A(z2—0 12-0.2) + Bz(z-0.5) + Cz(z+0.4)
z(z+0.4)(z-0.5)
AZ -0.1Az—02A+B7 — 0.5Bz+CZ’ £04Cz
= z(z +0.4)(z—0.5)

(A+B+C)zz (0.1A +0.5B —04C)z—0.2A
2(z+04) (z-0.5)

- Comparing coefficients, we get

Given, X(z) =

Suppose Y(z) =

C02A=5" (
= A=-25
" and, ‘

“0.1A—0.5B+04C=34

or, ~0.5B+04C=3.4+0.1x-25
or, ~0.5B+04C=09 ...... ()
and, ' '

A+B+C=22
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or, B+C=2.2- (-25)
or, BHC =272 s (i1)
On solving (i) and (ii), we get
B=11.088 and C,=16.111
Therefore,

= . d11
Y(@) =—§§+i—‘%+%
and, -

Ry =28 B, 11088, 16111

z ‘Tz Jrz+().4+z—0.5
25z 11.088z 16.111z ‘ ;
z  z+04 " z-05

11.088 . 16111
110427 F 10,577

Taking inverse z-transform, we get

() = 28[n+1] - 253[n] - 11.088(-0.4)"y
088(0.4 a1
(0.5 u[--1] Fn-1]-16.111

or, X(z)=2z-

=2z-25+

’

Note:

= We take“xm ince it i :
5 form since it is easier to take inverse z-

transform.

—  ForH(z)orx. -3
@) Dz) (Powerofz or order of 2)

. If N(z) < D(z), t.akezg'1

Z
- form

. If N(z) =D(z), take A form
ey Z
u.  IfN@z) >

(2) > D(z), perform Jong division tj]] N(z) = D(z)

orN(z) < D(z), th X(z

Z-Transform |95/

L

ANALYSIS OF LTI SYSTEM IN FREQUENCY

DOMAIN =

3.1 Frequency Response of LTI System, Response to
Complex Exponential : i

e

Please refer to Chapter 1 (1.9) for this.

Examples 3.1z
Plot the pole-zero on the z-plaine and draw magnitude
response (not to the scale) of an LTI system described by
the equation, y(n) = x(n) + 0.8x(n — 1) + 0.8x(n"- 2) +

_ Solution:

0.49y(n —2). [2080 Bhadra]
‘ 0 Moy
Given equation is, o 1 XS//

y(n) = x(n) + 0.8x(@—1) + 0.8x(n —2) + 0.49y(n—2)

or, y(n)—0.49y(n—2) = x(n) + 0.8x(n— 1)+ 0.8x(n—2)

Taking z-transform, we get '

Y(2) - 04927Y(z) = X(2) + 0.82"'K(2) + 082" X(2)
~or, (1-049z7)Y(z)=(1+ 0.8z +0.827)X(2)

1+ 082" +0.82°

Y(z)

LX) 10492 .

' 08 08 Z+082+08
&=%0 TR SR

or, HZ) =N~ = 049
2 /- X(z 0.49 ;

3 X(2) e e

Z2+08z+08
s H@)=""72_-049
Here,

Poles: 7- — 0.49=0=>2=207

Zeros: z° + 0.8z + 08=

z=—04+j08,-04-j08

|96] Insights on‘Digital Signal Analysis an
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Plotting poles and zeros, we have

Im(z) (0 ‘. N(e®y T - —
10} ( b DE) | HEY | HE)
o 08 " pplane L 1 0.51 1.96 .96
061 i : ' S (023434043431 —049+j | 02576 | 0.4427
o.4 | . j0.36
0‘2.. : ‘ 3n -0.2-j0.8 —1.49 0.134+ | 0.5534
' g ' - 2 i0.537
-10-08 -0.6-0.44_)622 007 04 0608 10" 0@ : n 1.36568 — -049-j | 0723+ | 1.864
| 4 | 156568 - 72
s L J X
044 .
4,: : ' - L2 26 | 051 | 5098 | 5098
o -08i ' Magnitude response:
jo
-10¢ [H(e )
2 Pu.t\\zzeims N e 54
QR .
() = &L+ 08" + 0.8
(€)' - 049 : ey =
049
We have, e 1
N(Clm) = of20 +0.880 4 08 -
=¢o! 2 R . 5l
. D(e,'m)S( :2] 15nQ2w) +0.8cos(w) + j0.8sin(w) + 0.8
= - 0.49 = T e
‘ e ; ' + . ——> 0
136568 + 5.098 04 w2 WA m 5w 32 T4 o
L 1.864 Example 3.2: ; : .
] | A The poles of a system are located at 0.45 £ j1.6 and zeros
0.5534 ' at 0.58 + j2.06. Map‘the poles and zeros in the z-plane
and plot the magnitude response (not in s;;;ez)\ ohf tlh‘;
PN ; itra, shwin
0.4427 system. [080 Baishakh, 076 Chaitra

: J0.36
Analysis of :
HTISYStem in Frequency Domary 1971 o8] Ineights on Digital ignal Analysis and Proces=ing



Solution:
Given,
Poles: pi=045+]1.6
p,=045-]1.6
Zeros: =0.58+j2.06
2,=0.58-72.06
Plotting poles and zeros, we have
ljm(z)

24 0 z-plane ,

5 o513 Re@

He) =2 _(2-7) (z-2)
D)~ (z-pi)(z-py)

or, H(z) = ‘7- 0.58-2.06) (2- 0.58 + 12.06)

e (z-045-j1 6) (z-0.45 +i1.6)
82+12.062-0.582+0 33
64-i1.1948-2 062+
Z‘~0452111 62045 2.06z 1 1948—j
zH)
zz . 2025-50.7251 £2+0.72—

1627033641-42436
~092+02005+ 7 5¢

. Hiy=Z=llGzrasy
“0 92':' 27625

Pu[ 2= ej‘ﬂ

H(e") = (el §“6(C' +4.58
+27625

x

240436
56

alysis of |
TISystem i, Frequency Domain |

99|

We have,
N(E?) =™ - 1.16¢° + 4.58
= cos(2m)Hsin(2w)-1.16cos(m)j1.16sin(w)+4.58

and, )
D(®) = &2° - 0.9¢° + 2,7625
= cos(2w)+jsin(2@)-0.9cos(@)-j0.9sin(w)+2.7625

Now, .

(o] nN¢o | pEm. | HE | HE)
0 \ 4.42 2.8625 | 15441 | 1.5441
n |3.7597+j0.1797| 2.1261+ | 17321 | 1.7449
4 : j0.3636 | j02117
n | 358-jl16 | 1.7625- | 1.8776+ | 19014
I 09 j0.3
3 | 54-j182 | 33988 | 1499+ | 15105
4 j1.6363 | j0.186

: ['ﬁ \ 46625 | 144557 | 14456
sm.| S4+il. 82 33988+ | 1499— | 15105
4 i1.6363 | j0.186
3n | 358+jll6 | 17625+ 1.8776 — | 1.9014
2 0.9 j0.3
| m 37597 §0.1797| 21261 - | 17321+ | 17449

4 1j0.3636 | j0.2117
Zn 28625 | 15441 | 15441
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Magﬁitude response:
I};l(ei“’)l

201
1.91
1.8
1.7¢
1.64
1.5¢
1.4
13
12
Ly

i

Example 3.3:

-

T4 T2 W4 T SUA 32 Tna Py

Plot the pole-zero in Z-plane and draw the magﬁitude

response (not to the-scale) of th i
. ; e equation of |
described by difference equation, £ syStem

Yin] - 035y]n - 1] +0.25y[ 2] = x[n] - 0.75x[n — 1].

Solution: ] [2079 Bhadr a]

Given equation is,

y[n] - 0.35y[n - 1]+0.25y[n - 2]
=x[n]-075n-1]

Taking Z-transform, we get

Y(2)-03527'Y(2) + .25,-

0.2527Y(z) = x
’ ) =X(2)-0.75z7"x(
or, (1-0.3577" + 0252%)y(z) = (1-0.7577yx( ) ¥
s Zz

or, ;(’452:41;0,152%
() (1-0357T7 0.25z7%)

Anal
ysis of LT System in Frequency Domain j101]

LA z-0.75
B Y(z) _ Z z
or, H2) =¥ (z) = | 035 02577 035,+05
Z Zz ;

e 0.75 " 7

z z° - 0352+ 0.25
___7(z-0.75)
T 7 -0.35z+0.25

72— 0.75z

~ H@ =7 0352+ 025
- Here, ' '
. Poles: 2> —0.35z + 0.25 =0
— 7=0.175 +j0.468, 0.175 — j0.468
Zeros: 22 —0.752=0 '
"= z=0,0.75
 -Plotting pdlés and zeros, we have
Im(z)
I
084 - z-plane
064
it %

T 024
— +—>Re(z)
7008 -06-04-02 [0 02 04 06 08 1.0 )
: i Tl S
041 5
064
-0.84

~1.07

Putz= ej(lJ’ ' :
H(e") = [0y~ 0.35(¢") + 025
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o _0.75¢"
————
= _.35¢"+0.25

We have, '
N@®) =& -0.75¢° | A
= cos(20) + jsin(2®) - 0.75cos(®) — 0.75sin(w)

and,

D) = ™~ 0.35¢" +0.25 .
= cos(20) + jsin(20) — 0.35cos(w) — j0.35sin(m)4?0_25

Now, e
0 0.25 02777 | 02777
| 053+j0469 | 0025+ | 0.648+ | 0943
4 j075 |- j0.685
& | -1-j075 | —075- | 1478+ | 1.5]
2 035 | jo3io |

3n | 053-j153 | 04975- | 1204— | 1.205

4 j1.2475 | j0.055
7 175 16 | 109375 | 109375

Sm | 053+j153 | 04975+ | 1204+ | 1205
4 j1.2475 | j0.055

s B I B - S TP [

|| 35 | josto |

7 ~f It | '

In ~0.53 - j0.469 ~0.025- | 0648~ | 0.943

| 015 | joess
&&T 02777 | 02777
I A1

| Analysis of LT} System In Frequency Domain |103]

w—

(@)
1.61
141
1.27

—1:01 -

| -0.87--
06}
0.44

© 027

>

VA iz 3mA m Swe 3m2 w4 om
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| ,mscnm FllTER S'rnucrunes

%1 FIR filter, Structures for FIR Filter (Dm
Cascade, Frequency. Sampling. Lattice) R

FIR filter is a type of digital filter that has fi —t\
fer is a nite im
—TPulse

esponse, meaning that the output of the filter-is solely dﬁ!errnme i

by a finite pumber of past input samples. FIR filters are employeg
where there is a requirement of linear phase in pass band. -

Structures for FIR Filter

In general, an FIR system is described by the dlfferenc
equation i

..“J‘

y[n]= z h[k] x[n-Kk]........ (1)
= -}\[o l[nJ*h[l]’LG"l_]

Taking z-transform, we have. +hL2)nn _')J

.4}\Ev\—1J‘>L[n-h-}j

or, Y(z) h(0)X(2) + h(1)z'X(z) + h(2)z" 2X(z) +
h(m - 1)z %)

Y()= z h[k] z* X(z)

=) +h(1)z" + h2)z? +... +h(m _1)241""”])((74) :

UL hi2l s 4 e
- H@)="% £ bk 2*.... i) |

Dlrect Form Structure
From equation (),

m-]
Y[”]=k§0h[kJX[n-k].

N -1 b2, b1 e 1]

Discrete Fijter Structures |105]

The structure is illustrated beloy-

Fig.: Direct form realization of FIR system
Computation Complexity and Memory Requirement

Computational complexity refers to the number of arithmetic

operatlogg (multiplications, divisions, and additions) required to

compute an ou n) for the system.

«  FIR system has a complex1ty of m multiplications and m-1
' additions.

Memory . requirement_tefers to the number of memo
locations required to store the system parameters, past inputs, past

outputs and any intermediate computed values.

. FIR system requires m—1 memory locations for storage and
m-1 delay blocks. :

_Example 4.1: ;
Determine the direct form realization of the following
system function. , %’ z 0(3)_ d‘; i, a"’
Hz) =1+22" -3z 42" +5¢° 2 ——5—"‘1_ i

Solutwn

Comparing above equation \ w1th H(z) = k}—-o hik]z ¥, we have

n{0]=1,h[1]=2, h{2] =3, h[3]=-4,h[4] =5

[106| Insights on Digital Signal Analysis and Processing



Cascade Form Structure
The cascade form for FIR filter can be represented as:

N W o) o D) ey
H(Z) = H|(Z)H2(Z)H3(Z) ...... Hk(Z)

Example 4.2:
Obtain the cascade form reahzatmn of the followmg

function: H(z) = (1+21 -7 )(l+z )

Solution:

___Givensystem functionis - — - — .

- H(z) (1+2z" z‘z)(l +7 -z‘z) Hl(z) Hz(z) o S
ForH@)=1+2'~2% — S LD
Comparing W1th general system function of FIR ﬁlter H(z)

= Z h[k]z , we get
= k=0 ol

h{0]=4;h[1]=2,h2]=—1—— r—_:r S s
The required direct form structureis ~— —— ———  — 5

For Hy(z) -t _22

Comparing w1th general system function of F[R ﬁlte;' H(z)
= z h[k] z*, we get

B{O]=1, by 1]~ 1,B[2] =1

The required direct form structure is
X[n]—

DI
Iscrete Filter Structures |107]

b o

Therefore, the overall structure is

Example 4.3

Determine direct form and cascade form realization of

wo~(1-4e' 1)1 4)

Solution:

Given system function is

Cad 71_1 5 ) L7 -1
H@*(lfiz *?)(1—52 52)
1

e w P 1 3
e W ] (e NS Gt i S STt S
1 gZ 22 27 +322 +8z +82 —6a?
3y
16
o 3 3t 3 o
or, }I(z)—l—gg_f32z ~%a” +16 ....... (ii)

The general system function ofa FIR filter is
: ml sy ;
H(z)= X hik]z" .o (111)
k=0

i. Direct form:

Comparing equation (ii) with equation (i),

- 3 3 g |
h[0] = 1, h{1] =-§,h[2]——32,h[3]——64,h[4]— 7

1108] Insights on Digital Signal Analysis and P
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h

anired direc structure is . .
The required dircct form strie The required direct form structure is

il. Cascade -form:
From equation (i),

H(z)= (1 —}1—:' +%z.‘2) (1 —';;z“' —%z’z)
=Hi(2) F:(2)

1
For Hy(z) = (1 —Zz“ + %?‘2) ,

Comparing with equation (iii), we get

h[0] =1, h[1]= -l, h[2) SEas
8 Lattice Structure

required direct from structure is “ Lattice filters are used extensively in digital  speech
processing and in the implementation of adaptive filters.

Let us consider a FIR filter with system function

H(z) = An(2)
14 3 a0z ;m>1and Ayz) =1
k=1
. : , Sin 'le stage lattice:
For Hy(z) = (1 _17;, 1 _ g g
g —HZ7, ‘ foln] ¢
‘ ; 0 yin] = [n]
» Companng “,i[h equat] ot - - 1
B[0] =1, on (iii), we get ’ | ‘ s
b1 =, | ‘ .~]
' g)[n
' n gon-1]
h[2] =*% g[n] 0

Discrete Filter Structures |109] [110] Insights on Digital Signal Analysis and Processing



Two stage lattice:

* Order of the system = 3
il A fy[n]

)=y Comparing equation (i) with general system function of
“¥n 3
] causal FIR system, H(z) = 1 + E an(k)z ™, we have

x[n]— 13 1
El3(l) 24 s 33(2) 8 3 33(3) 5
. &[n |
g “— gln-1]1 g [n] gn-1] 2(n! Also,
Nestagelatic: | =) =2 k=50 =2 ko =ud) =
fy(n] fl[n] ; : rn — ap m k
o) Now, using s (k) = > o :‘ (fn)m

X[n]

i, Form=3,k=2,
' _a2) —ayay(l)

| | n2)="1-, 3)-
go[ﬂ] go[n_l] g;[ﬂ] g][n—l] 5 _1_ ].3 )
2 . ] : 873724 .
Conversion from Direct Form to Lattice o e I : ' |
21(0)= 1 AL 1"(3) =
(k) = MQ—M 2. (m) 1< k <m-] A : 2% : Rk :
kn = an(m)

i, Form=3,k=1,

Conversion from Lattice to Direct Form ay(1)—a3(3)as(2)

0(0)=1 it ."a.2(1)=_ £ 21312(3)

On(m) =k, ‘ ‘ ' | ﬁ% 2

On(k) = = Om1(k) + 0(m) oty (m — k) _@_
Example 4.4 ' | :

Implement lattice structure for the glven F[R system.
H(z) = As(z)=1+ 54%

gz +-31-z~, ' iii. Form=2,k=1,
M a(1) — a(2)a(1)

=3
'8

- . a(l)= 1-a(2)
Given FIR System is : ' ‘ | 233
872%8 1
H(Z)“]+-- 3 5.1 i N
AL tertes i -
47 g2t 43 — 2d . 1‘(5)

)




So, we have

1

1
_—,k|:'4'

1
3k7

ks

uired lattice structure is

Therefore, the req

Example 4.5: _
. - 13 ., 5
The system function of a filter is H(z) = 1 + 2% 3

+ % z". Draw the direct form and lattice structure

implementation of the above filter.

[2078 Bhadra]
Solution: ‘

Given system function of a filter is

)
zl+—z'2+

13
H(z)—l+24 3

3Z

i. Direct form:

Comparing equation (i) with H(z)= mfl' h[k])z™*, we
k=0

have, '

h{0]=1 2 2 8!
1=1.h{1] =3 h{2] =3, hi3) =1

The required direct form structure is

Discrete Filter Structures |113]

h

il. Lattice structure:

Comparing equation (i) with H(z) = | + ¥ an(K)z*, we
k=I

have,
Order (m) =3

13 5 1
aﬂd, 33(1) = -2_&: ’ 33(2) = § ’ 83(3) = 5

Also, ki =ai(1) =2, ko= 22) =%, ky =as(3) =+

—ap(m) ay(m—k

1 -2y (m)
The remaining solution has already been done in the
example of lattice.

: an
Now, using, an-i(k) = k

Example 4.6:

Given a 3-stage lattice filter for all zero polynomial with

1 1 1 . '
coefficients k; =% k2-=i,_ and k; =3 obtain the system
function and FIR ﬁltef coefficients of this filter.

' [2079 Bhadra]
So-lution:
Given, - :
= ] 1 1
kl =Z:k2:55k3 =§
Here, order of filter (m)=3 "
and,
Xyt
33(3) = Kg= Z
i = il
32(2) = kg ‘—'-5
1
a(l)=ki=3
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Now, the general system function of causal FIR system i

Hiz)=1+ % a2
k=1

=]+ a;(l)Z_l +a:(2)

2+ aQ)z

Using, 8a(K) = 8n-1(K) + a(m)ay1(m — k), we have

i. Form=2k=1,
a(1)=ay(1) + aQ2Qa(l)

-+

£ e

+

og|._- MI'—'

1]

Ol pa|— e |—

i. Form=3,k=2, ‘
a3(2) =ay(2) + a3(3)ay(1)

o

B
>

oo |

+

1l

coln to|— BRI|—

iii. Form=3 k= 1,
a(1) =ay(1) + ay(3)a,(2)

System functiop,

327 which is the ‘required

—_—

Discrete Filter Structures |115|

et
Example 4.7

: ATy

Compute the lattice coefficients and draw the lattice
structure of the following FIR system.

H(»)=1+22' 32" +42°. [2072 Kartik, 2069 Chaitra]

: solutwn

Given FIR system is
(z)=1+2z t_372 4477
Comparing with general. system function of causal FIR

system, H(z) = 1 + E an(k)z™*, we have
k=1 :

Order of the system (m) =3

(1) =2,2(2) =3, 1(3) =4

Also,

kl a()=%k=202)=" k3 = a3(3) 4

am(k) am(m)am(m k)
1 — ay (m)

Now, using ap.1(k) =
i Form= 3k 2,
a —a 3)as(1
a(2) = 2 —2,'03)
__3—4x2
1 -4)
—o3ng
1—16
11 '
15
i Form=3,k=1,
1 —33333
a(l) = 1-2a3(3)
2-4x(33
- 1-@)
2+12
1-—16
514 '
15
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i, Form=2,k=1,

So, we have
=1 11

k|='ﬁ,k2='ﬁ,k3=4 ;
Therefore, the required lattice structure is

£,n) - f,[n] f,n] - fy[n]

x[n]—

Boln] g [n] g,ln]

42 TR Filter, Structure for IR Filter (Direct Form I,
Direct Form II, Cascade, Lattice, Lattice Ladder) oy

IIR filter is a type. of digital infinite
bl gital filter that has infinite impulse

the filter's response to an j i
: i . ; an impulse input
f:::rn:is ;z;if;};ly“over ;Iul:{ne. It is characterized by fI'::edbackpiIl
! allows IIR filter to achieve i i
response with a smaller number of paralcnh:z:; i
5 IIR filters have Jower

filer having the same e sidelobes in the stopband than an FIR

er-of parameters,
- Structures for [IR Filter

A causal TIR system
equation: ystem can be representeq by the difference

e ——

Discrete Filter Structures [117]

N . M
T ay(n-k) - T bx(n-k)=0
k=0 k=0 i

N " _
or, (M) + T ay(m-k)- T bx(n-k)=0
k=1 k=0
Forag=1,
‘ N M
ym)=— % ay(-k)+ T bex(n-k)
k=l k=0 i
Taking z-transform, we have -

_ N L oM Br
Y@)=- T aY(@7Z + T bX(2)z
k=1 k=0

. N - 4 M g
C o, Y@ + T aY(@)zZ = T bX(@)z
_ k=1 k=0

' 5 N g | ™ x
or, Y(z) =[1 + 3 az l:X(z) Y bz
ey Ly k=l k=0

oL, 77N~ N 3
X(2) L+ az™
oo

2R !
Y(z) kgobkz '
3 7z T 2
- — =T w7 essasers 1
..H(Z) X(Z)>-1+§akz"k I ()
; . k=1

Direct Form Structure
From equation (i), we have

H(z) = )X(((%

M. :y
Zka ]
k=0

o ———

2 T
1+ % az
k=0
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Direct form I:
Suppose H(z) = H,(z)Hx(2).
where,

M 1
Hiz)= bz =" N
k=0 1+ Iz
k=l

win]
x[n]— 1JH,(Z)rl ¥ JI@—’_-Y[U]

X(2) W) Y(z)

M Y
Here, Hi(z) = T bz
k=)

W)

M
o X@ " L—}—:o

M &
or, W(z)= T bX(2)z
k=0

=bz'X(2) + bz 'X(z2) + b1z X (2) + bz X(2) + ...

+byz MX(z)
Taking inverse z-transform,

o) =bex{n] +bix[n - 1] + bx[n - 2] + .... + byx[n M]

X[n]—

ow[n] -

. o

1
Also, Ha(z) = N

1+ ):akz"‘
k=1 °
Yoy ___ 1
or, - N
W(Z) 1+ ):akz"‘
. C k=l
W(z) N

-1 4
or, Y@ =l4+az taz+... +anz

or, W(@2)=Y(@) + a2 Y(2) + £Z7Y(2) + ... +axz " Y (2)

Taking inverse z-transform, _
y[n] =w[n] - aiy[n—1]-ay[n-2]-...—any[n—-N]

— y[n]

Discrete Fijter Structures |119|
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|

All zero system : All pole system
Fig.: Direct form I realization
Computational complexity and memory requirement;

— IR system in DFI has a complexity of M+ N + 1
multiplications and M + N additions,

= IR system in DFI requires M+ N memory locations.
Direct form II:

Suppose H(z)=H 1(Z)Hx(z) where
Hi(z)=

and Hy(z) = }: bz ™
1+ ): azt
k=1

[n] :

B g
X(2) ' vg L2 Loy
Here, H(z) =—L— |

]A+ 231{2—’(

k=1
or. 2@ _ 1

,X(z) % Zakzk

k=1

r—
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; sltaz taz a4 +ayz
or, U(Z) ! 2 3 8

or, X(z)=U(z) + an"U(Z) + a7 U(Z) + ..... + anz “U()

or, U(@) = X(2) - 0,2'U(2) - 02°U(2) - ..... — anz NU()
Taking inverse z-transform,
u[n] =x[n] - au[n—1]-au[n -2] - .... —ayu[n - N]
X[n] > u[n]
- z
“l
3
g Z
i~ '
=
_gN ;
Also,
M
Hy(z)= ¥ bz X
k=0 |
r Xz =be’+ bz + b2 F et bz ™
oL Ulz) : bty
© or, Y(2)=boU(z) + biz 'U(@) + bz U@) + ... i
Taking inverse z-transform, o
y[n] = beu[n] + byufn— 11+ byu[n—2] + ... + bau[n ]

3 ocessing
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Example 4.8:
Obtain the Direct Form I and Direct Form Il realization
of the following IIR digital filter:

__(0.282" + 03192+ 0.04)
H?) = (0,57 +032 +0.172-0 2)

v e

1|
=2

Solution:

__(0.282"+ 03192+ 0.04)
H(@) =052 +032 +0.172-0 2

74028 +03197" +0.042°%)
=Z2(0.5+0327 +0.1727 - 0.227)

3 ‘ _ 7'(028+0.3197" +0.04z7)

Z 0550327 +0.172°-0227)
. - _ _ T T OREH08102 4 0.04z>
; A T 05(1+06z +034z7-042")

: . 0.567 +0.6387 +0.082” ;
> y[n] =T+062 + 0:342—2'__ 0473 e (i

cmdaasss WS

y.&
|

(=
=

o
=

¥

. Comparing eQuaﬁon (i) with general system function of IR

M .
S bz ¢
k=0
N

N |
) o

filter, H(z).=—
T+ yaEe
k=l
" by=0, by = 0.56, b, = 0.638, b3 = 0:08

and, a, = 0.6, 2,= 034, 8= 04
Direct form I: ' '

, we have

. 0.638

x[n]
056
'

|

0.08
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Direct form I1:

Example 4.9:

Draw direct form I and direct form II re
aliza
following system: et the

¥[n] - 0.25y[n - 2] = x[n] + 0.4x[n — 1] + 0.5x[n - 2]
12079 Bhadra]

Solution:

Given, y[n] - 0.25y[n - 2]=x[n] + 0.4x[n — 1]+ 0.5x[n - 2]
Taking z-transform, we get

Y(2) - 0.25Y(z) =X@)+042'X(2) + 0.522X(2)
or, Y(z)(1 - ~0.252%) = X(2) (1+ 04z + 057 )
or, Y@) _1+047"+ 0552
X@~  1-0257
Y@ 1+047" 405,72
X@~  1-0257
Comparing equanon (

Z ka

filter, H(z)=—‘~N____ "
> We have

or, H(z) =

i) with genera] system function of IIR

1+ Z-akz
k=1
by = Lb, =0.4,b2=05
and, a1=0,2)=- .25

R

Discrete Filter Structures |125/

g

pirect form I:

> y[n]

Direct form II:

o] —(F)— >~

0.25

Example 4.10:
: Obtam the Direct Form [ ‘and Direct Form II realization
of the following system:
y[n] 0. 75y[n 1]-0. 25y[n 2] =x[n] + 0.5x[n - 1]
2079 Balshakh]

Solution:

Given, : :
y[n] - 0.75y[n—1]- 025y[n 2] x[n]+0.5x[n—1]

Taking z-transform, we get
Y(2) - 0752 Y(2)— 0.2527Y(2) = X(2) + 05 X(2)
© or, Y(2)(1-0.752 —0251 % = X(z)(1 +0.52°)
Y(z) _

Xz~ 1- 0752
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h

Comparing equation () Wit general system function of 1Y or, Y@ B+ + 22 =X@) 2+ 27
M

&
5 ‘ ‘ (O
filter H(Z) = k—_‘ON , We have or, X(Z) Y%7 42z (z)
| g akzdk ' ; Z+ 1 5 .
k=1 HQ) Yz _ 3 3 0
' or, H{Z)= SN R S i
b(;:l,b|l’~'0.5 ‘ X(Z) 1+%z_1+%z_4
and, a,=-0.75, & =025 ] .

Direct form I:

Comparing equation (i) with general system function of IIR
M v
by ka_k
Sk
EREAN

x[n]

filter, H(z) ; we have
2 ; 1+ ¥ akz‘k

k=1

e
bo=5,bi=0,b=0,by=3 -

and,
Direct form II: i : =5
L a=g3.0=0n=02=3
: ﬁirect formI:
0.5

x[n]

Example 4.11;

Obtain the Direct Form I and Direct Form II realization
of the following system:

3ylol +yln-1] + 2y[n ~4]=2x[n] + x[n - 3)

Given, 3y[n] + y[n - 11+ 2y[n-

: 4] =2x[n] + x[n —
Taking z-transform, we gt ' [n] x[nl -3]

Y@ +z'v(z) + 227 (z) = 2X(z) + 73

X(z)

—
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Direct form IL:

x[n]

Cascade Form Structure

In cascade form, the total transfer ﬂmcnon H(2) is expressed
as the product of multiple transfer functions i. €.,

H(z) = Hy(2). Hy(z).Hs(2) ....... Hi(z)

M [ ST U

In IR filter structures, we use DFII for cascade realization
since it requires less memory locations as compared to DFL

Example 4.12:

Determine the cascade realization of the system

:lslaractenzed by the transfer function which i is expressed
H@z)=—— 2z+2)
4z-0.1) (z + 0.5)z+04) .
Given,
H(z) = 2z+7) -

Z(z~ (. 1)(z+05)(z+04)

27(1 + 257
zxz%]\”)\

01Z°) (1 +0.5. Y1507 )
X -
Discrete Filter Structures |129]

v’

22°(1 + 227"
(=012 (1 +0.527) (1+04z7
[n cascade form, we can write

P z“_? I L
H@) =22 X1 20,12 * (1 +0.52 ) X (1 + 0.4z )

or, H(z) = 2Hi(2)Ha(2)H3(2)Hy(2)

Now, for Hy(z) = iT-}' using DFII

Comparing Ha(z). with general system function of IIR filter,

Mooy
Y bz ,
H(;) = -EO—__k ........ (1), we have

1+ T az
el

bp=1,b;=2
and, a; =—0.1 )
“The required structure is

skl

FII
Again, for Hi(z) = a+ 0 57 ) Tro05.0wingD

Coniparing H(z) with equation (i), we have
bp=1and - '

=05
The required structure is

” i Processing
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pgin )= T 8 ! | o HO X e
Comparing Hy(z) with cquation (i), we have o (2 + Z) '+ 3 72

I bo=1and a =04 = 1+27!

; The required structure is % ] R B

In cascade form, we can write

(1L+ 277" 1

2 ] H(z) X I
: EEiE
xample 4.13: ‘ : 2
g;ttfz:lnme the cascade form realization of the following or, H(Z) H,(z).Ha(z)
1 : / We lcnow, the general system functlon of IIR filter is
/] ->vin—1]+=vin_ :
yin] 4)/[!1 1]+gyn 2]—x[n]‘—2x[n—1] =0 Z ™
. 2070 Chai s H(z)-——— ....... ()
Solution: z - [ . aitra] SRR azt
3 1 : ' o - S
ynl-Syhn-11+= R ; : - _ g
1=4¥0-1)+ gy -2] - xfn] - 2x[n-1]=0 : For Hy(z) = 1+2z using DFII
- 4 27 Y(2)4 +3 Rz Y(z) ~X(2)— 22 X(2) = 0 x = _Compa;ring H(z) with equation (i), We have
. s ; 1
or, Y(z) _Z 7Y@+ §Z_2Y(z) 3 X(zj : ZZ_I_X(Z) ‘ bo=1,b;=2,anda,=- 4
or; Y(z)(l 3501 . The required structure is
47 457 = X + 27 ) :
ﬂ%l 1 +277
" X(z) W R

1-—22 +%Z‘2

C g S |

D - ing -
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1 :
ForHy2) =7 . g using DFII
-2

Comparing H(2) with equation (i), we have

1
by = \ anda1=—§ _
The required structure is
1
+ - >—>

112

Hence, the overall system structure is

x[n] + 1
. 1/4 ; %

Parallel Form Structure

The paralle]l form realization for IR filt

Hi(z) + Hy(z) + ... + Hi(z). Paralle]l form realization is
generally used for high speed filtering applications,
The structure of paralle] form is

y[n]

Discrete Filter Structures |133]

~ Solution:

er is H(z) = C +

V

Example 4.14:

Obtain the parallel form realization of the following IIR
digital filter:

' 3!2:2 + 5z + 4) |
H@) =22 +1) (2 +2)

: 322 +5z2+4)
Given, H(z) = 22+ 1) (z+2)

. H(@) 3QZ+5z+4)
oL "7 T zQz+1)(z+2).

Using partial fraction, we have
g

B ot I :
F(Z)zHiZ)_:(ﬁ%)(;z)z%(zférﬁ
A(z‘+ %)(Z+2)+BZ(Z+2)+C2(1-}.-%)

e
A(z?f%z+1)+ﬁ22+2Bz+sz4;%Cz
A

Comparing coefficients, we get

Pl ey | S
and,5~A+2B-+..2 C=7 i Fu) ,
also, A=6 bl R
~ Using value of A in equations (i) and (ii), we get
B+C=-3..... (@)
1 .
and,2B+5C=—-i' ......... (b)

‘ ' sin|
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Solving (a) and (b), we get

B=-4andC=1
Therefore,
SH@E) 6 - 4 ool
Ray="p 5=, 1 g+2
2+5

z+5
4 1
=f— +
L (1"'22_])
(1+32)

We know, the general system function of IIR filter is

M
z ka
H(z) = ——

1+ Zakz
k=1

ForH,(z) =——— _4 sUSngFH

l+§'

Comparing H;(z) with equation (T), we have

’

boh“4aﬂda|_%

The required structure js

— I :
For Hy(z) = ‘jzj » using DFII,

Companng Hz(z) With equation

\ ’

Discrete Filter Structures [135]

V——

The required structure is

Lattice Structure of an IR System
- Let us consider an all pole system with system function.

: s 1
H(z)=—" - =
gl gt A0

k=1 S
¥ ook
or,
X(z) 145 a (k)z
k-l ‘

o, Y@ + X a9z Y@ =X@
k=1 '

N .
or, Y(2) = X(2) - % an()z Y
: s
' Taking inverse Fourier transform, we get

y[n] = x[n] - El a(y[n K]
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ForN=1, | or, y[n] = fa[n] - kagi[n - 1]~ k,gy[n _'I]
yin) = - T ayln =K | o, ylnl =xln] —ksgiln ~ 1] —kyfn-1]
k=l or, y[n] = x[n] = ka {kifo[n — 1]+ goln 2]} —kyy[n -1
or, y[n]=x[n]-a()yln 1] or, y[n] =x[n] - kiksy[n - 17— kyy[n - 2] - kiy[n— 1]
Suppose a,(1) =ki, then or, y[n] =x[n] —ki(1 + ky)y[n - 1] - kyy[n - 2]

=x[n] kil + ka)yln - 1]~ kyy[n-2....... (ii)
| @ f,mn) fo[n'] -yin] Comparing equations (i) and (ii), we get
2(2) = ks, 2(1) = k(1 + ky)
Similarly, for gy[n],
g2[n] = kofi[n] + gi[n - 1]
g[n] Soln] On solving, we get
| x[n] : ?[n] ] ga[n] =kox[n] + k(1 + ky)y[n — 1] - koy[n—2]
y[n] = foln] = gq[n] Therefore, N-stage IIR filter is :
or, y[n] = fo[n] = fi[n] —kgo[n - 1] , fy[n] fiy4[n] fn] f,[n]- f,[n]
or, gi[n] =kifg[n] + go[n - 1] . Kl Q)
= giln]=ky[n] +y[n-1]
ForN=2, .
5 2 g[n]
yln) =x{n] - T a;(k)y[n-K] ]
k=1 b :

gz[ﬂ] g[n]

" Lattice Structure Conversion Formula
kn = an(m) where, ] Sm <N

— ag(m)ag(m —k
. 1—ap(m) '

Lattice Ladder Structure of an IIR System
Let us consider an IIR.filter with following system function,

and, an (k) = 2o

n] = o] and y{n] = i) = g HE) = R4

or, fo[n] = fy[n] - Kigoln - 1) - N 3

or, fi[n] = f;[n] - kogi[n - 1] k§0 bu(k)z™*
or, &[n]=kf\[n] + giln—1] » or, H(z) =—

N
1+ 3 ank)z™

or, gi[n]=kfy[n] + gln-1] i

. y[n]=fy[n] = gq[n] =filn] - kgy[n - 1]
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* The required lattice ladder structure is
g0l f;[n] A ' ] f,[n]

The output will be given by

y[n]' Z Cmgm(n)

Here, ¢, is ladder coefficient and can be obtained by using
the following recursive relation:

M ]
tn=bn— ¥ ca(i-m)
i=m+1

Hint: For highest order, c,, = b,, i.e. for a 3" order system ¢

= b; and remaining ¢ ¢;.and ¢ is calculated using the
Sformula.

Example 4.15:

Convert the following IIR filter into lattice ladder
realization:

1+277" +277% 4 572
H(z)=— i
145zt +22 41

' -1 = Y
Given, H(z) = ——lizz—ﬂﬂ__a_
; 1+ 247 437 +;

Comparing given equation with H(z) = M =

——

Discrete Filter Structures [139] -

S bu)z*
k=0

___—__._——-

|+ z an(k)z *
k=1

Bu(z) =1+ 227+ 277 + 73

, we have

; where M = 3

‘ 18 5.8 .5 b
and, An(z) = 1 + 542 +5 27 +3 77 where N =3

So, we can write
bi(0)=bp=1
by(1)=b; =2
by(2)=by=2
by(3)=bs =1
and,
13

sl)=a=oy

Sno S Touiy
m@)=2y

g
3.3(3), : a3 = '3_
Now, -

-1
k] =a3(3) = A

_1<1=ﬂz(2) _
=ai(1)
Usmg formula,
2 A (k)= S
-Form 3 k=2;

5 —a 33, 1
ay(2) =2 =8

—a3(3)

: sin
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Therefore,

1

1 -1
k|=z-,k2=5,k3=

3
To find ladder coefficients,
_— M 2 )
Cn=bg- I c@fi—m)where, M=3
=m+] ;
So,c3=b;=1
Also,

3
€ =b- 3 cafi-m)
=3

=2-cay(1)

=2-1 >zE

24

—

Discrete Filter S'Q:rut:tlll'ﬂs |141|

v""

3 .
a=b-Z ciai(i—m)

i=2
=2 - ca(1) — c3a3(2)
35 3 5
-2_24 X 8—1 X 8
_33
T 64

3y,
co=bo— X ciaii —m)
i=l
=1- clal(l) - 0232(2) = C333(3)
B S
=1-64 4 24 27 1*3

_-09
256 :
Hence, the required lattice ladder structure is
fn] o Em AR ffn] -
x[n] -

* Example 4.16:

Draw the lattice structure from the following system

: v, 224 2080 Bhadra]
function: H(z) = 1-022 "+ 04z + 0.62° |

Solution:

1
Given, H(z) = T (27" + 04z + 0.62°

—

in
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. a

Comparing gi\';:n cquati(’“ with the cquatlon of an aly Pole

we have

system, H(Z) =" n AN( ¥

%% aN(L)z‘“
el _
Ax(2) % 1-027" 40427+ 0.62°; where N =3
So, we can write '
a(1)=1 =02
a(2)=2,=04
a(3)=2a;=06
Now,
k;=2;3)=0.6
ky =a(2)
ki=ay(1)
Using formula,

gm(k) a m)ag(m—k)
2y, (m)

aw1(k)_
Form=3,k=2;

25 ax(3)ay
w22z

_04-06x(02)
1-(0.6)

=0.8125
Form=3k=1;

_a ] —a3(3)ay(2) -
i e

_02-06x04

T1-06

=-0.6875
Form=2, k=1;

a(l) = me,ma

4(2)

_Z0.6875— 0.8125 x (-0.6875
1-(08125) - =-0.3793

Discrete Filter Structures |143|

Therefore,
k, =-03793, ko = 0.8125,k; = 0.6

Hence, the required lattice structure is

Example 4.17:

Draw the lattice structure form of the followmg system
function:
1 3
3

H(z) = 3, 18
—1 -1 2.3
; 2 4 +— 8 + 9 z

A 5 -3 '
--And. represent ‘o and - 8 in sign magnitude, 1's

complement and 2's complement format, [2075 Ashwin]

Solution:
A 1
Given, Hz) =355 235
+24Z 4+ 8 +92
5 1
= oy 1
3(1 +ayrirgrtege)
or, H(z) =
. 13, 52,1

14542 +t§Z 792

_ Comparing given equation with,

M 2

T, bu(k)z
B (Z) sz! k-0 . _;’
AND 1 T ekt

k=1 :
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o we have,
Bu(2) =% s where M = 0
5 1.5 2,1 % where N =

and, An(z) =1 +§ZZ ! +82 +9z ,WhCTeN‘_ 3
We can realize that this is an all pole system.
So, we can write

N, 3
a.\(l) == 24

5
n(2)=2a =§

1
a(3)=a =9
Now,
1
ks =23(3) = 9
kz = 33(2)
k=a(1)
Using formula,
ag(K)= an(K) — ap(man(m — k)

1-a,(m)
Form=3,k=2;

a(2) = A= 8Ne(1)

“1-a5@) ., -

—

* Discrete Filter Structures |145]

13

_—

24

=—
)
158
~ 320
=0.478125
Form=2,k=1;

1) — a5(2)ay(1 |
o (1) = =22 ()

l-a (2)

0478125 — 0.5T1875 0.478125
1—(0.571875°

X

o=
oo |

153
~ 503

- =0.304175
Therefore,
k; =0.304175, ky = 0.571875, k; = 0.111111

Hence, the required lattice structure is

P TR :
Representation of 3 and — g in sign magnitude, 1's

complement and 2's complement:

TR

R . 5_
5= 0625 —3=-0625 .
In binary, [ Sign :\ In binary,
: — . - .
Magnitude —0.625=1.101

0.625=0.101
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Conversion of fraction t0 binary:
0625 x2=125=>1
025%2=05=>0
05x2=1

1's complement:

In 1's complement, positive numbers are represented as i,
sign magnitude, but negative numbers are represented by
inverting all the bis of the positive number. So, -

5 5
Forg or 0.625, For - gor -0.625,
= 0101 = 1.010 ' L
2's complement:

In 2's complement, positive numbers are the same as in sign
magnitude, but negative numbers are - represented by

inverting all the bits of the positive number and then adding
1 '

For gor 0.625, For -gor —0.625,
=0.101 =1.011
Example 4.18;

Compute lattice-ladder - coefficients and draw. lattice .
structure for given system. .

(2-072" + 052
H(z)\= D )
@ (1-03z" +0.2527%)

[2080 Baishakh]
Solution:

Gi _2-077"4 0572
iven, H(z) (1-03z27+ 0.25.?')5

Comparing given equation with,

v -
by(k)z*
H(z) =242 _ & e

A@~. N o,
1+% aN(k)Z_k
k=

R—
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we have :
Bu(®)=2- 0.7z +0.52%; where M = 2

and, A =1- 0.3z +0.252% where N =2
So, we can write

by(0) =bo = 2
by(1) = b1 =07
' hy(2)=b2= 0.5

and, '

m(1) =03

0(2)=025

Now,

k= 32(2) =025 -

: kT a(l)

Using formula,

: “a, (k) — ag(m)ag(m —K

am_l(k)’f i ()

'For'm=2f,k.=-1;_' i

ai(l')-=2@1;—iaz2%);)_m

N Iyaoasx 03
= (025)
L
=95
024

Therefore,

&y =-0.24, k= 0.25
To find ladder coefficients, .
M . _
en=by— T ocm(i-mjM=2
i=ml : .

So, ¢y = b, =0.5

essing
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v‘"

2 - // - —
Also, ¢ = by — T c@i(i—m) prample 4- 19: -
i=2
; ttice-ladd
=-0.7-ca(1) . Compute lattice-la er COG'.fficientﬁLan';l4 draw Iatgce
—0.7-05%(-03) structure for given Sy?tem, H(z) g ;z : tr 002551"2))
g ;l Also check the stability of given system. [2079 Baishakh|
‘- 0
055 ; So!ution.‘
e (1= 04z“+025 )
2 . Given, H(z) =
and, co=bg— ¥ cai(i—m) (1-03z '+0.527%) 2
i1 »
: ' | 3 by(k)z*
=2-gay(1) - c2a(2) (& k—o
=9 ‘ Comparmg with H(z) = Bt o= - . we have
Fi 74(;0.55) x (-0.24) - 0.5 x 0.25 Ax(z) 14 Z - (k)z

Hence, the required lattice structure is

By(z)= 1 - 0.4z +0.252; where M =2
and, An(z) = 1-0.3z" +0.52 % where N = 2
So, we can write :
by0)=bo=1 .
by(1)=b;=-04
by(2)=b,=0.25
© and, : :
a(1)=-03
a(2)=05
Now, i
Ko =a2)=0.5
k=al)

Using fonnuia,

b = a2l
Form=2,k=1 ‘
a(l) = ?%23
;ﬁ;&iﬂ;@
| | 1-(0.5) \
Discrete Filter Structures |149| 150 RO
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| = z=0.15+j0.691,0.15 - j0.69]
=-5=-02 . 2=0.15,04775
Therefore, : _ Zeros: 7 -04z+025=0
k =-02,k =05 v = z=02+j0.458,0.2 -10.458
To find ladder coefficients, . Forda d:;crete ttlme S}IIStem tohbe stable, all poles must lie
B 5 i Jinside the unit circle in the complex plane (ie. the
s l—nzﬁ-l S where o magnitude of all poles must bé less than 1).
So,¢c;=b,=0.25 . : S | Given pole of the s_ystem is -
‘ ; =0.15+;0.691
Also.c, b, - z ca(1—m) : & Dild
= Magnitude =~/(0.15)" + (0.691) =0.707
=—04-cyy(1) Since, |z = 0.707 < 1, the poles lie inside the unit circle and
=04-025x-03 hence, the system is stable. . ’
=032 Example 4.20:
and, c=by— }2: cai(i - m) ~ Compute lattice and ladder coefficients and draw lattice
i=2 ; . ladder structure for given R system
=1-ca(l)— = ; +327 | |
call)-cm@) _ = H(z) - 3055 20 - Ei 33 - [2076 Chaitra]
=1-(-0325)x (02)- 025 x 0.5 : . ( z )
=(0.81 : Squ'twn : ;
Hence, the required lattice structure is’ - pAes (05-2z +"32'2)
Ce sfructure is : Gwen H(z) a-05z77-0. 72 03z )
: Comparmg glven equatlon w1th H(z)
3 byt
By kg et
o S ]
; AN(2) Ty aN(k)ZTk
: - gg[n] R T
To check the stability of the system: ) we have ; ‘
Given, H(z) —%,M; ' Bu(z) =0.5— 27" + 3z where M =2

=03z + 0. Sz
or, H(z)%m

and, Ax(z) = 1— 0.5z —0.72" + 03z>; where N=3

03z + 0 - , = SO, we can write
JZ .
Here .5 m bZ(O) bu 0‘5
oles: 2° - 0.3z+ 05=0 . bz(l) - b, 1= =
| : | Analysis and Processing
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To find ladder coefficients,

b:(:] == b.'.' = 3

d ¥ [
and. G =byn= ciai(i— m); whereM =2
as( = 0.5 i=mt]
a(2)=-07 _ So,c2=b2=3

3)=03 | 2 ai
a;(-] 0 - Also,C1 = b] — 5 ciai(l o m)
Now, : ! =2
ks =:(3)=0.3 =-2—caa(1)
k:=a(2) _  =2-3x(-03187)
ki=a(1) =-1.0439
Using formula, 2 :

. - and, cop=bo— T ciai(i—m)

2 (k) = k) — ap(m)ay(m — k i=1

-1 =

1 - a,(m) =0.5-cya1(1) — c222(2)

Form=3,k=2; ' = 0.5— (=1.0439) x (~0.8056) — 3 x (~0.6044)

2(2) =a—‘%‘%‘m E 14722

Hence, the required lattice ladder structure is

_—0.7 -03%x(-05 ) :
_W_) fy[n) ey - Fﬂl Ty foln]

=-0.6044 S
Form=3 k= I;
a(l)-a '
a,(1) = ——)—_;13%1@ o gln)
1-(03)
=—0.3187 ' ' :
Form=2k=1; , ¢ . ) J\b_,y[u]
a(l) - ’
()= -(L%Z%E;ﬁl ._ Difference_s between FIR System and IIR SYS;E‘Q‘D "
= wﬁw 3 ] _ TRsystem
I- (—0.6044) KR system k recursive
=-0.8056 v FIR  system are non-il IR system . are I finite
Therefore recursive  system  having|  System having 1ot
ki=— 8(;56 B finite impulse response. impulse response.‘
e g ii. Feedback system is absent. M@L,—WHM
—_— e | -

I
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_______________——-———‘—"—‘—“"—'__——_-__
FIR system IR sysm _
iii. It is always stable due.toL. It can be unstable dye b M : , '
M&,ﬂw\ .~ FIRFILTER DESIGN
iv. It typically requires more iv. It requires less memory gy, : _
/’.—-_—.-__-7. .
memory. to feedback path. 51 Filter Design by Window Method, Commonly Used
v. Generally higher[v. Generally 10%er windows (_R?Ctangula'r Window, Hanning Window,
computational complexity. computational complexity Hamming Window)
- i 1 1 ) . /‘
vi. The . transfer  function|vi. The _ transfer  functiop There are several methods for designing FIR or [IR filters.
contains only zeros. contains both poles ang The type of filter (either FIR or IIR) to be chosen depends on the
ZETOS. nature of the problem and on the -specifications of the desired
vii. Designed using windowing|vii. Designed  using  varioyg frequency response.
method. zlgt‘t;ods such as Butterworth The desired filter ‘characteristics are specified in the
ebyshev, etc. frequency domain in terms of the desired magnitude and phasé

response of the filter. Designing the filter involves determining the .
- coefficients of causal FIR and TIR filter that closely approximate
the desired fréquency response. ’ '

FIR filters are employed where there is a requirement of
lincar phase- in passband. However, TR filters have lower side
lobes in the stopband than an FIR filter having the same number of
parameter. The choice of filter depends on the need.

" Let us consider a digital filter that is to be designed have the '
frequency response specification Hq(®). This is also called desired
frequency response. The corrrespondingrunit sample response is

- hqn}. '
We know,
Hy(@) =% hafn]e™™
< n=Q

: where, .

n .
hfn] == [ H(@)e"do

Thus, the desired unit sample response hy[n] can be obtained
from the desired frequency response Ha(®).

—g

Dise| — 5
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eral, the unit sample response hy[n] is infiy:
durahc}: g?:ce we are designing a fi m;f |mlpulsle TeSponge ﬁlte
the length of hy[n] must be made finite (l)g tnsF haln] s tr, ler
to a series fromn=0ton= M-1,to yle an FIR filter 0“ gﬂ
M. Truncation of hgn] to 8 length M — 1 is quivale, e
multiplying ha[n] by & rectangular window.

The rectangular window is represented as Wr[n] ap d i
expressed as:

1; forn=0,1,...,M-1
waln] = 0; otherwise. .
Thus, the unit sample response of the FIR filter becomég
h[n] = hy[n] wa(n] :
{hd[n]; forn=0,1, .., M-1
=hn]=1 - : :
0; otherwise

The Fourier transform of the rectangillar window is

M-I :
.~ Wr(@)= T wy[n]e?™

n=0

M

=3,

=0

oM b o3
1= im — o2 SIN(OM/2)

1-¢? sin(@/2)
The magnitude response of rectangular window is |
Wi(e) = [20M2)

sin(/2)

Wmdow Funcuons for FIR Filter Design -

w(n]

{1y

e ———— T

FIR Filter Design |157|

. a8

Name of sequence Shape of wind i

. ow f
windoW | 0<n< Mot ' e
/

wi{n]

o et gl

'ﬂi.Hafmi“g_ %[IPCDS(%)] IOHHHHH”]M_IH

Io{b[l 3 (n - uﬂlﬂ} \:[ﬂ]

iv. Kaiser IO([_')’) .
¥ Io(B) is modified | ‘ [” ”l
L_ .. Bessel function. 0 M

Relation of Windows with Sldeband (SB) Attenuat:on and
Val_ueofM £t L

 Name of window ~ SBattenuation | -‘V'alue'o'fMi
i. Rectangular ; ~21dB M= 09 Aco
ii. Homming ~ ~53dB M=3. Am .
iy PSR
3.1 2R
ii, Hanning ~444B M=3%,
R . S

Gibbs Phenomenon in FIR Filter Design
Let us consider a low pass filter having desired frequency :
response Hy() as.shown in the figure below.

e ——
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. The side lobe levels must be as small as possible,
1L

Hy(®) iii. The central lobe mus-t c-:ontam maximum energy,
. iv. Ripples should be minimum,
1 : 3 :
. So, Gibb's phenomenon can be reduced to some extent by -
- selection of window. |
e ; i- tric FIR Filter
o, - symmetric and Antl-Symmetric] d t.s )
. : i fined symmetric and an I-Symmetric in terms
The obtained frequency response of FIR filter is H(w), © FIR filter is de ‘
' ' ‘ 1 ofh{nl. :
H(w) | Symmetric: If it satisfies
This ringing effect is cajleg o] = h(M ~1-—n];wheren=0,1, ..., M-1
Gibb's phenomenon

_ h[n]
1 : ; ‘ o i

6 6
e e |
0.5 T _ . 2. - .
\’\I\N\—\_’m ' - >N

In the figure, oscillations or ringing takes place near band

Here, M =6 :
edge (@) of the filter, These oscillations or ringing is generated h[0] =2, h[1] =4, h[2] = 6, h[3] = 6, h[4] =4, h[5] =2 -
because of side lobes in the frequency response of the window =3 : s IF it satisfies -
function. This oscillatory behaviour (i.e. ringing effect) is known Antl-symm.etrlc. it s: _ o
as Gibbs phenomenon. ' : ‘ h(n] =-h[M—1 —n]; wheren=0, 1, ........ ¥ ‘

Thus, ringing effect takes place because of side lobes in | { h{n]
w[n). These side lobes are generated because of abrupt ' : 1
discontinuity of the window function. Tn case of rectangular,

window, th ize because the discontinuity

. e side lobes are larger in s
15 abrupt (sudden ang unexpected). Therefore, the ringing effect is
indow, ‘ L

maximum in rectangular w

6.

ES

: 3 4 5. .y
‘ Beca'l'lse of this, different window functions are developed ; '
which colnmsts of taper and decays gradually towards zero. This : S %
reduces side Jobes and hence ringing effect in H(w). ‘
. 1 . -4
’ _The Gibb's phenomenon can be reduced under following '
conditions:

i

-6
The central Jobe of window must not be wide,

— : cessing
Nk 'I]-GUI Insights on Digital signal Analysis and PTP
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Here, M=6 _

(o)1= 2, h{1]=4h[21 =6 h[3]=-6,h{4]=-4,h[5)= ,
Note: Linear phase filter satisfies the condition for SVimepy,
or anti-symmetry. Hence, for @ linear phase filter, hfnj - p

hfm—1-n] _
Magnitude Characteristics of Practical Filters
i band rippl |
1 l—Pass band ripple

L T
1—(51_<|H(w)|_<1+&f070_<w_<wp
OSIH{w)lSé}ﬁersSan'.

The desired fre 3 a
cprle TR S0 ciqsuenf:y response for a symmetric 10\‘5{ pass

g
Hd((ﬂ) 2{ for I(DI < 10
0 otherwise
Example5.1: .

Design the : i
: Ymmetric F
which the desired freqy IR low pass filter (LPF) for

pr €ncy response is expressed as
L - :
Hd(m)={ Ly

0;  elsewhere _

‘—‘——————_____\__,_/

E—

FIR Filter Design |161

——h———‘_‘__
The length of the filter should be 7 apg o = 1

radlsample. Make use of the Hanning window.

solution:
Given,

Length of the filter, M=7

Cutoff frequency, ® = 1 rad/sample
Desired frequency response,

{e‘j“"; Jol <o
H{(@) = 0;  elsewhere

We know,

hd[n]=§11‘t { Hy(o) &"do

-X.

. it 0
So, h[n] =7 j e ™ doy
<A

S LN
= an e do
=1
1 [t
~2mlj(n- ‘5)} =
1 ei(lPT) B".i(ﬂ-‘t)A ]
“2nljln-1) jn-1)

1 el _ gD
1 ej(u—T) X e—i(n‘-ﬂ !
=-1t(n—'n)\: 12 :l

sin(n—1)

ﬁ(n —T)

5 hyln]= __(__)s;ltrznn——tﬂ; forn#1

—
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sin(n-3) ”
When n="1, hyn] = 2 f dm ‘ ‘ | mn-3)> forn#3
g " Hence, ho[n] = 1 e
S = forn=3
2 ‘ T
on [0 _ : : , T
For Hanning window:
1 -
=57;[1 -(-1)] . ; 1 7o
F_Sill![l—?’! i3 W[]]]=—2' :
o “ a3 " - i
on e [1 cos( 2 )] ; [n] =
1 =3 e M-1 d[n]w[n]v .
== e 0<n<6 :
Therefore, - 0.01497 , -0 .0
sin(n-1) s 0.14472 . : 0.25 0.03618
-ty T 0.26785 0.75 ©0.20088
Ay 03183 ] 03183
= forn=1 -
5 - 026785 - 075 [ 020088
+ To find the value of 0.14472 e 0.03618
For symmetric filter, we know 0.01497 0 : 0
b[n]=h{M-1-n] h

Hence,
Also, h[n] = hy[n] w{n]

So, hyfn] win] =hyM -1 — ] w{n]
= hy[n]=hyM -1 —1]

Sinn -1) sin(M—1_g_
or, n-7
o R Vi

h[0] =0, h[1] = 0.03618, h[2] = 020088, h[3]=0.3183,

h[4]=0.20088, h[5] = 0.03618, h[6] =0 |

. h[n]={0, 0.03618,0.20088, 0.3183,0.20088, 0.03618, 0}
T s :

For rectangular window:
This above conditjon satisfies only 1f :
«n-7)=M-1-n_1
or, —DTT‘M— 1 -n-t
o, 2T=M_] _ | it ;
' S 001497
or, ‘[=—M;-1. i 0.01497. 1 ————0—1;'4;2——
4 1] . 014472 1 -
nc = — g ;
AFR=h=3 12| OB ol o b e
: 3 03183 BN -aEe

FIR Filter Design 163/ d Processing
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v

im . ' :
halnl =703 7% W] =1;0<0<6 | hn)=
LR - =0; otherwise | ha[n]w[n)
=;;n=3 ' : £
1 0.26785
4 0.26785 0-0/85 |
0.14472 1 0.14472
1 0.014
6 0.01497 Lonadr |
Hence,
h[0] = 0.01497, h[1] = 0.14472, h[2] = 0.26785, h[3] =
0.3183, h[4] = 0.26785, h[5] = 0.14472, h[6] = 0.01497
h{n] .
={0.01497, 0.14472, 0.26785, 0.3183, 0.26785, 0.14472, 0.01497}
T
For Hammjng WindOW' »
. sin(n- ; : w[n] =934 2 T
n| == 3 5 3
_",‘” w3 3 |ose (Zun) :
n = Ea oS M1 ,
. e =
ra o ~0$—n$6 Al e
0 001497 0.08 0.001198 :
1 0.14472 7031 0.044863
2 0.26785 0.77 | 0.206244
3] 03183 1 0.3183
4 _ 026785 0.77 0.206244
5 .
2 | 0.14472 0.31 ©0.044863
6 :
©] 0.01497 0.08 - 0.001198
Hence, <

b{0] =0.001198, h{1] = 0,043, h[2] = 0.206244, h[3]‘=
031})?3] h[4] = 0.206244, b3 = 0.044863, h[6] = 0.001198
- n

{0 0‘%‘ ]98’0-044363,0.206244,0.318,0.206244,0.044863,0.001 198}
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msfign by Kaism

H(®)|
f

/Pass band ripple
1+6p
1-3,
AF
Stop band ripple
8, ‘ _ \
L . 4 . 0 ; m
0 o o
o PB. TS SB.
P.B. = Pass band
T.B. = Transition band
S.B. = Stop band.

9, = Peak passband deﬁriation
9, = Stopband deviation
®, = Passband edge frequency
o, = Stopband edge frequency
. e
=y = D)
: A0 _ 0 -0
m on
Kaiser window is given by

IOH (n aa) }"2} for0<n<M

M =="Tm:

Lo(B)

AF = Transition w1dth

——

P ocessing
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Here, =7

Kaiser window has two important parameters:

i, Length=M+1I
ii. Shape parameter = 3
I, is a modified Bessel function and is given as

0.25x%)" B
Io(x)='(W‘lfor n=0,1,2234,

2\3
s % Ayt
Let & be the minimum ripple of §, and 55’ then
A= —2010g105
Also, -
0.1102(A-8.7) for A>50
B =1 0.5842(A-21)"*+0. 07886(A—21 ) for 21<A<50
0 forA <21
And, M =22j?85ASm |
The order of filteris M + 1. -
Example 5.2:
!lzzseltg:i] : ;ﬁiﬁ;ﬁ;‘;&ﬂ; f.l.f:: using Kalser Wmdow to
0.99 < [H(e")| < Lo, for0<w<0.197
[H(E) <0.01,  for 0217 < O<T

[2075 Ashwin, 2072 Kartik]

Solution:
The above given Specifications
~8i<H) <1+, for0<p<q
OSJ'H(G))lSS; for(oS‘S(o<'1: 7
Comparing given Specification with (I) we have
8=0.01, ®=0.197, §, = 0.01, 0, = 0211

—\‘

can be rewritten as:

FIR Filter Design |167|

We know,
minimum (8, 8;) = 0.01

5=
A= —2010g|0(8) =40 dB
o = 8
T 2.285Am
where, A0 = @, - @, =0.21r-0.197 = 0.02r
40— 8 '

~2.285 % 0.02%
=0222.88657 ~223.
Order of ﬁlter =M+1=224
o+
-Gt g,

Hefe, for 2i < A <50, we have

B =0.5842(A - 21)** +0.07886 (A - 21)
=0.5842(40 - 21)** + 0.07886 (40 — 21)
=3.395321052

Also, Io(B) = Io(3.395321052)

_ ;0258 L. 25]3) (0.25%°
. T - (1') (2|) : (3|)2 ........
= 6.621869

Fora LPF, the ideal desired frequency response is given by
e for ~@ < @ <

Hy(w) =7 :
d.( ) {0 otherwise

and, h[n] =2~ f Hy(@)e™™ dor

han] ==k [ e ej‘”“.‘c-im
01', ]d[n] T f (<]
-a,

——— -
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1 B cim(nﬂ] U}
2nLj(n - T -o.
-em(n»ﬂ eﬁi“’&-("*ﬂjl

]

-7 j0-1
i T ejn\,(n—ﬂ - e—j"’k(“‘ﬂ]
m L jm-7)

1 Jan-n _ e—jﬂk("-‘f):l
- (n—‘t)[ v

. hg[n]= —I%&—H forn#1

Lo
Whenn=t,hd[n]=£fdm

G
A e
_27[[(D]‘ﬂ)c
=2 [0 (0]
=9 10— (-0,
=2lx2mc
_ 9
T
Therefore,
sin[@.(n—t £
mn-1) ° orn#1t
hq[n] =
Q. B
T’ forn=1
We know,
_order—1 2241 923
2 T o3 g =S

aMmu=—ilio) T ALY

hd[n] =

9,
n’ forn =11 1.5
sin[0.2m(n-11 1,5)]
mn-1115) > fornzqyys
= hd[n] _‘ 0.27 _ .
| T =0.2; forn=1115
h[n] = hafn] w(n]
For Kalser wmdow , _
S T e
& hdln]"' GRS e NI
L 2o 1151 i1 (2T
' ﬂ n—ir. ) : L \ P T
0| 2.3095x10° 0.15105 3.4885x10™
1| 89016x10™ 0.15889 1.41437x10°
2| -8.9829x10* 0.16689 ~1.49915x10™
3| —2.3734x107° 0.17502 —4.154x 107
1222] . 8.9016x107 0.15889 1.41437x10™
223|  2.30957x107 0.15105 - 3.4885x10™

FIR Filter Design |169]

J n— o2 172
To calculate B[l —( (x ) } )

Forn=0,0
n=1,0.4537143
.n=2,0.6402021
n=13,0.7823083

—

in
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n=222, 0.4537143
n=223.0

Hence.

" h[ﬂ] 4
(2,485 x 107, 141437 X 107, 149915 10741503 10~

T
1.41437 x 107, 3.4885 X 107

Example 6.3:

Kaiser window is to be used to design a linear phase FIR

filter that meets following specifications
HEY| <001,  02In<|@<T
095< [H(E")|<1.05, 0<|of<0.197

Calculate the optimum' value of rlpple, attenuation ang
window length. [2080 Bhadra]

Solution:

Given specification is

H(e'”)| £ 0.01, 021n< |0/ En
0.95<HE“)|<1.05, 0<]0<0.19m
Comparing given specification with

1-8, <HE")|<1+8, for0<m<aw,
0< H(E™)| <3y, foro, <<

We have, .

8 =0.05, ©,=0.197, 8, = 0.01, o, = 0.21=

Now, :

Optimum value of ripple = = minimum (5|,'52)

= minin;um (0.05,0.01)
=0.01 |
Attenuation, A =-20log, (8
=20l0g;(0.01)

=40dB

R

FIR Filter Design |171]
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Solution:

__A-8
window length, M=2200 =
A(l) = 0)1 == (Dp
=0.21m-0.195
=0.02n
1 40-8
S0, M=75285x 0.0

=1222.88657
. m= 223

grample 6.4:

Design a low pass FIR filter using suitable window to
meet following specifications: "

0,99 < [H(e)| < 1.01 for 0 < || <037
[H(¢?)| < 0.01 for 035t <|0|<m  [2081 Bhadra]

0.99 < [H(?)| < 1.01 for 0 < | <0.3n
[H(¢?)] < 0.01 for 0.35m < @] <

‘Comparing with,

1—81<1H(m)\ <1+39, for0<co<u)p

lH(m)l < SZfor @ <o<T

We have,

3,=0.01,0, = 0.3m,

8,;=0.01,0,=0.35T

We kﬁow, !

8 = Minimum'(8;, 8,) = 0.01

A =-20log;o(8)=40dB

e o
M= 2 285A0° where, A® = 0 — ®p
=035m-0.37

=(0.05n
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40 8
=72.285 x 0.057
—89.1546=90

Order of filter=M+ 1=91

= 9‘—;—“5‘- _0325m

Here, for 21 SAS 50, we have,

B =0.5842(A- 21)™ +0.07886 (A —21)
—0.5842 (40— 21)** +0.07886 (40 - 21)
=13.395321052

Also,
I(B)=1,3395321052) . .
02507 !0.25@!2 0.25p%)° °
=1+ @) +L—r)-(3!) e
=6.621869
For a LPF, the ideal desired frequency response is giQen by
17 for—@, <M< : ;
Hd((l))=‘{ 0S50S0
0 otherwise .
L%
and, hd(n) =£ f Hd((!)) e](m dm

-

08

o hulf) =2L1t [ "™ do
o
)

1 .
or, hd[rl]:Et f % 4
-0

1%
or, hy[n] = f 99 4o
-0

_____/
FIR Filter Design 1173

* Hence,"

l Cim(n‘) (0%
“onlin-t ]
(=) g,

N —1_ Lejmc(nt) o ()
an [j(n-1) j(n- ’t)]

_L [M:
wm L -1 ]

1 [ei"k("“) o e—J'(Dc(n—t)]

T (- 1) 2
sinfw.(n -1
2 hyln] _sin[0n -]

m(n—1)
it o
When n =T, ha[n] = J' do
N T
T 2n (0],
3 :
v T [(Dc - ("mc)]

ol _0
'—-2113>< 2w, = T

Therefore, .
- (sinf@m-D)] . :
hy[n] =3
7 L n="1
We know,
Order — =
rder—1 91-=1_ 45

fg=——a =

AL

5in[0.325m(n ~45)]

,  for n #45
w45 oL
hg[n] = ‘
325“:0,325 ; for n=45

10.

-

“and, h[n] = hd[li\i[l//
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1

{ n-a\

L B[]_( o
AL~ == for0<n<M

and. W)= T 1)

where, 1(B) = 6.621 869

and.

1
n—o) 2
To calculate D{l - —_(1 .

Forn=0,0
n=1,0.71181
n=2, 1.00097
n=3,12189
n=4,1.39942

n=45,3.395321

n=89,0.7118]
n=90,0
Similarly,

R L Ly
o o

R

0.15101

0
0
— L 0.17076
2 0.19127
2 0.21254
: 0.23449

B

FIR Filter Design 1175

0.15101
. 6.535% 107 0.15101 | 9.8685 x 10~
| 5.853x 107 0.17076 | 9.9945 x 10™*
2 ~5.808 x 107 | 0.19127 | ~L.111 x 107
3 —6.753 x 107 - 0.21254 | -1.435x 107
|4 —-6.620 x 107 0.23449 | -1.552x10”
48l5s 7 70325 1 0325
8 s8s3x10° | 017076 | 9.9945x 107
.. - 0.15101 | 9.8685 x 107
0] 6.535 x 10° O e
Hence,
hin] =

LB 10
{9.8685x107, 9;9945x104,_1,111x1q4, _1.435%107, ;

1

——

4
0.325; s 9.9945x10°%, 9.8685%10°7}

' i
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. 4 .

Exal“‘:)lzsfgsn the FIR filter using Kaiser window technique for
the specifications:
0.899 < [HEI £ 1 for 0| £ 0.2
HEY <001 for04ns0 <m
w
Solution:

Given specification is

. 0.899 <|HE") <1 for || € 0.2
[H(e'")| < 0.01 for04n<<m
" Comparing given specification with
1-8 <HEY) <1 for o] < @,
0<HE) <&, fora <<
We have, ’
8, =0.101, 0, =0.2m, 8, = 0.01, @, = 0.4%
We know,,

4 = minimum (3, L) ()01
A =-20log,(3) =40 dB

A-8
M =3 285m0

where A0 = @, — ©,

=04n-02n

=0.2n
__40-8
2285 %021

=22.28865 = 23

0rderofﬁlter=M+l=23+1=2_4

(0 + @)
Q:=""5"=03n

For21 <A< 50, we have
B =0.5842(A-21)"4 4 0.07886(A - 21)

FIR Filter Design 11771
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_0.5842(40 - 21)"* + 0.07886(49 _ 21)
-3395321052

. Also,
1(B) = 10(3 395321052)

!0 2522!2 0.25B2%)
(1') @ %r?fl
=6.621869

For a low pass FIR filter, the 1deal desired  frequency
response is given by :

{e"“ for-0. <<, -
Hd(m) otherwise

........

T g
and, hd[n]=% J Ho(@)e™ do

]
1o oo
ot hn] =5 [ €77 do
‘U)Q
e e'lto(;:l—‘l:) d
21 I ®
-~
eim(tH)} 0%
Cawmlj-T) e

009 _ e—iosc(n-r)} A
ZJ'C[ j(n-1)

S| [ejm"(“")—e‘j“(“)j‘
T n(n-1) 2j

[ _[_(_)_1111an i forn;t'c‘

T(n—71 )

. When n =1, hy[n] = ZR‘I dw

-0




| (0
‘H[m]—m '
- o (0]
n
_20
T n
_9
b
Therefore,
_wn @1 forn#1
nn-1) ’
hy[n] =
=2 forn=1
T
We know,
order—1 24-1 23
sin[0.3m(n-11.5)]
- 115) forn:tlls
Hence, hyn] =
" £~03' forn=
T T Ved, orn= 11.5
h[n] = hy(n] w[n]
For Kaiser window:

: u(n—:us f i

-0.027338 0:15105 —4.1294 x 10°°
~0.013762 0.232556 32107

0.0152115 0324080 | 49297 x 107
0.036987 0422398 | 0.01562323

—
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- winj = \1
i)
1 et
0 o 1 h[ﬂ]=hdfn]w[n]
i ‘ Iy®)
.—“v\‘_
~0,013762 0232556 32107
_\\_
m ~ -0.027338 0.15105 -4.129 x 1073
2R
To calculate B[l - (_n au') ] g
Forn=0,0 TN
n=1,1384823
 n=2,1913408
" n=3,2286960
' fi=22, 1.384823
n_-= 23,0 ..
Hence, :
Shinls oo
{-4.1294x10°, 3 %107, 49297x10'3 0.01562323, . s
| T aE s ety 41294x10"}
| Example 6.6: ' :

Desngn a low pass digital FIR filter having passband edge

frequency ®, = 0.2, stopband edge frequency @ = 0.45m

and stopband attenuation o, = 51 dB using any
- ‘appropriate window function. [2079 Baishakh]

Solution;:
. Given épeciﬁcatiops are:
i Passband- edge frequency, @, = 0.21
Stopband edge frequency, @ =0.451
Stopband attenuation, 0= 51dB

180} Insights on Digital Signal Analysis and Processing
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The given § stopband attenuation is closer to 53 dB.

So. we use Hamming window function.

For Hamming window,

- 2mn
w{n]=0.54 - 0.46005(—‘”‘M — 1)

2n
m=33 -1;(3
Here,
Aw= @, — @, =0451-0.21= 0.25m
W, +
Cut-off frequency, @ == 3

_045m+0.2n
T2

=().325n radian/sample

' n
S(),M-3.3><025 =264 =27

Length of filter (M) =27

The desired frequency response for a low pass d1g1ta1 FIR

filter is
eI

e

0 ;elsewhere

3o < @,

] & B
and, hyfn] =-~ J Hd@)e do

- T
3 emenan

—;

1% .
=5—nfe|m(u—1)dm

=,

_ _]_ ei(ﬂ(u—'r) m:
21 |j(n - 1_')] o

FIR Filter Design |181]
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hyn] =

1 eiﬂk(nff) _ iy
T
“m(n-1) 2] ]

~n(n-1) sin@q(n - 7)]

sinf.(n - T)]

7(n—1)

.. hy[n] = forn#1

| (0%
When n="T, ha[n] = n f do

Therefore
sinf (ncgn 1:“

n(n—1)
0.325
To find the value of 1:
For symmetric filter, we know
h[n]=hM—-1-n]
Also, h[n] = hy[n] w[n]
S0, hy[n]w[n] = hy[M — 1 —n]w[n]
= hg[n]=hyM-1-n]

;forn#1

;forn=1

\
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sin!n«‘cz:singM—l—n—'t!
o “n(n—1) aM-1-n-7) |
This above condition satisfies only if
—(n—1)=M—]—n—1:
or,—n+t=M—1—n—';
or, 21=M-1
M-1

——

c' T:/ 2

_Hence,

hd[ﬂ] = n(n i 13) : , 10 :
0.325 :forn=13

0.015902 o008 1.27216 x 10

1| 8196930 x 107 0093367 | ~7.6532 % 10"
0.028138 " 0.132690 37336 x 10°
~0.022508 0.195685 | —4.4044 x 107

0325 15 e 0325
25| 8196930 x 10 0.093367 76532 %107 |

cal L 0.08 127216 107

P
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Hence,
s hn)
= (1.27216 107
T,
03251, ~7.6532x107%, 127216x107)

Note: If in the question, 05 = 41 dB (which i closer to 44 dB), w
have. to use Hanning window method. | .

ST If in the questio =
40 dB (which is closer to 44 dB), we have tp use H’;s;;
window method. : ing

;7,65 F
32x 10 »=3.7336 % 107, -4.4044x 12

,,,,,,

Example 6.7: -

Design'a linear phase FIR filter using KAISER window
to meet the following specifications.

[H(e'")| < 0.01; 0 < @] < 0.25n
- 095 < [H(e)| £ 1.05; 0.35n < || < 0.6n
- HE) £0.01; 0657 < || <7
: : 2078 Bhadra, 2074 Chaitra].

 Solution: ;
* . The given specifications are of a band pass filter:
SO HE

T

[ ]
1 1
1

1 [
[

[ '
1 v
i

0 ' - =0
O mpl W2 Op

* From the given specification, we have ;
@1 = 0.25T, @) = 0.35m, @ = 0.65T, @y = 0.6T, 8,=10.05,
9,=0.01
We know,
8= minimum (8, 5)

= minimum (0.05, 0.01)
=0.01

——— .
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N _20logy(8) =40 dB

4__&:.3—
‘ M=71785A0

Here,
A= minimum [(©p ~ o), (0 = 0p2)]
= minimum [(0.35% 0. 25m), (0.65% — 0.6m))
— minimum [0.17, 0.057]
=0.057 o
40-8
= M=7785x 0.05n
Order of the filtler=M +1=90+1=91

=89.15462895 = 90

Also,
Ao
W = Wy _'_2_
= 0.35n—%)25—n
=1.021017612
and,
O = O +A_0)
—0gm + 025“
=1.963495408

Here, for 21 < A <50, ‘we have

B =0.5842(A-21)"* +0.07886(A — 21)
=3395321052

Using modified Bessel function, we haye
To(B) = Iy(3. 395321052)

%)Qf 025[3%2)2 (0, 25[;2)3

(2|) (3') ........
=6.621869 -

e
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For a band pass\ﬁ!ter the ideal deg;
given by ‘ tfed frequency response is
bt e for e < |0 < gy,
(D =
Ha 0 otherwise
So, ¥
0)02
-— 1 j(m: emm
ha[n] =77 Je dm+ f o gom g
© Lo —00;
—Cocz — (-
1
o o Sy
= fe’“"‘)do)+ fe"”( i
! mel -2 ‘
P e"”(‘“‘t)]“’cz o) 7 -
—_ . + .___
.21 (Il T) o (n—T),]-ﬂ)e.z

i(-1)

[emcz(n—ﬂ el“’cn(n-'f) c-jmcl(n—t)_e—j%(mr)
~an j(n-1) 5 i Il

2@({} = [elmcz(" ) _ D) | (-t e—ama(H)]

1 [ejc_wz(n—t) = g0t eimcl(H)_e—jmcl(n—tll
__ T(n-7) A _{ 2 J }

1 ; S
= Ha=1) [sm(mﬁ(n - 1)) — sin(®y;(n - 1))]

* hy[n]= Sl @gln= :38{1 S:;(mﬂ(n )] forn;&'c

: — Wy
Whenn T, hd[n] f do+ f de
_ , —0c2

T [[‘rbﬁ + (o o]
= ﬁ [(ch _. W T (-(l)c[) - (_wcl’})]

_20p—20y _ Oo— M
I T

e ——
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Therefore,

Mw forn#1
nn-1) ‘
hofn] = [ 5mONY cforn=1
n
We know,
Order—1 91-1_90
=% 5 =7 45
Hence,
(s ' —sin[1.0210(n-45

sm[1.9635(n—-45)]j;1[ (n—45)] Rt i
holn] - s

0.3 ; for n=45

h[n] = ha[n]wn]

" For Kaiser window, the window function w[n] is

9T

WRI=TT )

So, '

al  hm | owmlo ] =
0 | -382897x107 | 015101 | —5.7821'x 10
1| 001308 0.17076 -2.2335% 107 - |
2 | 341787x10° | 0191276 |  6.5376 x 107
3 0.012115 | 021254 25749 x 10°
L

4] o3 ! 03
89| —0.01308 017076 | -22335x10°
190 | -382897x 107 | 015101 | . _s.7821 % 10°*

I
FIR Filter Design 1187

. 1188] Insights on Digital Signal Analysis

. o

Hence,

~ hn]

[ % 10°*,-2.2335 x
{578}2|\ 10? 65376”0 25749 109

0.3, s ~2:2335%107, -5.782 % {07}

_‘_—-‘_\
Why is Kaiser window better than other fixed win
d windo
in FIR filter design? (2074 Ashwin 2072 (?l:lautt)r‘:lsli

Sg[llfiﬂn'
Kaiser window offers several advantages over other
~ windows in digital filter design.

i. ‘Adjustable parameter (B): The Kaiser window has an

. adjustable parameter (B) that allows controlling the
trade-off between the main lobe width and stopband
attenuation. This flexibility makes it adaptable to
different design requirements.

_ii. By adjusting P, the side lobe levels can be minitnized,
providing better stopband attenuation compared to fixed
windows like the Hamming or Hanning windows. '

~ iii. The Kaiser window can achieve high stopband
attenuation, making it suitable for applications requiring
suppression of unwanted frequencies.

5. 3 Fllter Design by Frequency Sampling Method

~ Suppose we want to demgn a FIR filter whose desired
frequency response is Hyg(w). This frequency response is sampled
uniformly at M pomts Such frequency samples are gwen by,

— 2l : M-1 -
(O Mk,wherek 0,1, 2,5 ’.M

Such sample d 'frequency 'regp_onse is called Discrete Fourier,
Transform and is denoted by H(k) i.e.

H(k) = Ha(@)|o-ux

:k=0,1,2, ey M1

e ———

and processing



Here, H(K) is called M point DFT. We can obtain 11[n] !
taking inverse discrete Fourier transfonln of H(k). This hin)
callea unit sample response of FIR filter. 1.e.,

is
h[n] :—IMM)E] HK) ™0 =0,1, 00y M—1.oy
k=0
Hence, the unit sample response h(n) of FIR filter of lengt
M is obtained using frequency sampling technique.

For FIR filter to be realizable, the coefficients of h[n) should
be all real. This is possible if all complex terms appear in complex
conjugate pairs. ' '

Let us consider the term HQM — k)e™MOM p cop po
written as, .

HM — ke "M 2™

We know,

"™ = cos2mn + jsin2nn = 1

- HM - K)e ™™MIM = M — k)e P20

From the periodicity of DFT,V

HOM - K)| = [H(K)|

So, HM — k)e ™™™ = g () 32maM

The term H(k)e ™™ is a complex conjugate of H(k)e™ ™.
Hence, HM-k)e #™™ is also a complex conjugate of H(k)e™ ™.

= BM k) = H¥(K) |

Using this relationship of complex conjugate, we can write
the term of unit sample response h[n] as

hn] = {H(O) v2% Pe[H(k)é“’m’“]}
k=l ‘

where,

5 ifMisodd
51 ifMiseven

—

FIR Filter Design 189

mDe,sign‘ using Optimum A

This equation is obtained by combipip
in cquation (I) and the above —
ompute coefficients of FIR filter.

¢

g complex conjugate
S1on may be used o

summnrized:

) or Hl) = Rgg O

3 Pproximati
Remez Exchange Algorithm Proximation,

Window method and frequency sampling methods are
clatively simple technique for designing linear phase FIR filters.
However, they cor_lta'm some minor disadvantages which may make
it undesirable for certain applications. One of the major
jisadvantage is" the inability to precisely control the critical
frequencies such, @, and @, and deviation between the required
frequency response and actual frequency response.

Optimal Filter Method

An optimal filter method is a technique, used to design filters
that best meet the specified criteria, in which weighted
approximation error between the desired frequency response and
actual frequency responsb is spread evenly across the passband and
stopband of the filter, minimizing the maximum error.

Consider the design of a low pass filter with passband edge
frequency @, and stopband edge frequency ..
1—8,5'1{,(m)s_1+81 0 EqNY ‘
0SH(@) S R

Here, 8, and &, represents the ripple in passband and
stopband.,

Let Hr(fn) be the real valueq frequency response of h[n]. We
can represent H,(e) in the form:

Hi(0) = Q(w)P(w)

090 1 sing
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where,
[ ;Casel
Cog%)' ; Case 2
QD= gn ; Case 3
: singz)' ; Case 4
and, -

P(w) = 17'_ a(k)cos(@k)
=0 e

Here;

Case 1: Symmetric unit sample response h[n] =h[M -] -y

and M odd.

v

;L=(M-1)/2 for case |
;L=(M-3)/1 for case 3
: L=(M/2) -1 for case 2 and 4

Case 2: Symmetric unit sample response h[n] =h[M-1-y)

and M even.

Case 3: Antisymmetric unit sample response h[n] = -h[M-

1 —n] and M odd.

Case 4: Antisymmetric unit sample response h[n] = —h[M -

1 -n] and M even.

Summarized: Real Valued Frequency Respo

nse Functions

bin] = M — 1 — ]

M even; Case 2

bfn] =-h[M - - n),
M odd; Case 3

h[n] = ~h[M —1-n),
M even; Case 4

for Lil__;g::r Phase FIR Filter ,
TFilte rﬁype S et "; Q(G)) ‘_ij'_‘,q 'x_.
b[n] = bM - 1 — p), i M)
M odd; Case 1 ( Z) a(k )cos(l)k

o) - M Bgeosak

k=0

k=0
M-3)/2 ~

) ¢ z) c(k)cosmk

k=0

(M/2)-1

z

k=0

d(k)coswk

__.-——'*m
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Let the real valued desired frequency response be H,,(qy

; W and
pe weighting function on the approximation error e W(o) .
the ' '

Now, the weighted approximation error i veri o
B() = W(O)[Ha(®) - H(w)]
= W(O)[Ha(®) - Q0)P(w)]
Hdd W) 2
v G -+
- B(0) = W(o) [Ha(0) - P@)]

where,

W(w) = W(0)Q(®)
Haf) =%’E%l . i
for all four different types of linear-phase FIR filters.

‘ Given the error function E(®), the Chebyshev épprox@mation
problem is basically to determine the filter parameter {a(k)} that
minimize the maximum absolute value of E(w) over the frequency
‘bands in‘which thg"apprpximation is to be performed.

The solution to this problem’ is found using alternation
theorem: . ; ,
i, Hi(w) can have maximum of L + 1 maxima or minima.
ii. Alternation theorem further states that there are L +2
external frequencies in E(®). ~ - N
iii. E(®) can have maximum of L + 3 maxima or minima.
" Thus the error function can have cither L + 2 or L F 3

ol imum
exirema, If L + 3 alternations are present, it 1S called maxim
nipple filter, ;

1%2| insights on Digital Signal Analysis and Proces



Remez Exchange Algorithm:

RFILTER DESIGN

Analog filter design is a matured anq well 4 ' :
0 We begin the design of IIR digital filter ; e s :Veloped field,
first and then convert the design into digital domgip nalog domain

Input filter
parameters

Initial guess of L+2
extremal frequency

. : Magnitude Characteristics
Calculate the optimumJ IH{(D)I

\  on extremal set '
l ! 4 WA A S A N S Setedreianas

Interpolate through L+ 1
points to obtain P() 15,

!

Calculate error E(w) and . ' L« Pass band >ie )
find local maxima where ' -

[E(@)| 28

Pass band ripple

......................

—r Trans1t|on band

‘E: StOP band ——

Stop band ripple

S

More B 30 Ll
thanL+2 Yes RetainL+2‘\ $ H

extrema? largest exirema

No : - ; : P s -
Pt d, =Passband ripple

Check whether the
extremal points changed .
l ‘ o= Pa§sband edge frequency

| Bestapproximation | ’ el e Stopband edge frequency

8, = Stopband ripple

61 Filter Design by Impulse Invariance Method
Design steps:

L. The transfer function of analog filter Hy(s) is usually given
or obtained from the given specifications.

Il Hy(s) is expanded using partial fraction expansion if

required.
I —
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fraction expansi
. Obtain z-transform of each pamal pansion iy
' [sc invariance transformation equation.

using impu .

Iv. Combine all the J-transforms to obtain H(z), which s the
" required digital IR flter

In the impulse invariance method, we design an analog filter
from the given specification and convert the analog filter to digit
filter.
Notations used:

' hy(t) = Impulse response in time domain
H.(s) = Transfer function of analog filter .
hy(nT) = Sampled version of ha(t), obtained by replacm gthy
ol

H(z) = z-transform of h(nT). This is the required response of

digital filter
Q = Analog frequency
o= Digital frequency
And, 0=Q1
Transformation of Ha(s) to H(z)

Let the system transfer function of :3‘113.1051;r filter be Hq(s). We
can express Hy(s) in terms of partial fraction'expansion as

Herc, A; = A], Az, AS,

Here, Ai = Ay, Ag, Ay, ... , Ay are coefficients of partial
fraction expansion,

Pi= P P2, P3y ..., Py are the poles -

" Takmg mverse Laplace transformatlon of Hy(s) in equation

hﬁ(‘) = I Ai(‘)p'L
i=l

it
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gampling ha(t) (i-e. replacing t by nT), we get
N o il o s .

i) = 2 A€"™"; T is sampling interval
i=1 ’

Taking z-transform of h[n], we get

H)= T hinlz”
n=0 -

Substituting the value of h[n], we get

w [N
H@)= 2 [Z Aie"ﬂ z’

n=0Li=l

ek
o, Hz)= T AT (')
=1 1=0

o M
Using, z a" Tl a , we get
. n=0

o A=

Mai)ping of poles: :
: H._iN A - N ( 1 )
_a(S) 'i=1s_pi’ S b l_epilz—l
SR
S0, = p T

Standard Furmula for Transformatmn in Impulse Invariance

Method (IM) -

: 1 1

3 S_.pi—)-l_epﬂz—l ‘

i S g bl eﬂT[COSbﬂz_lrs,r -
L (stap+bl’1_2¢ [coshTlZ te oz

W, D S‘“(@‘Z—ﬂ—r—z

Cstay+ b - 1- 2e'“T(cost)z +e
Example 6.1:

t SHz
Determme H(z) using |mpulse mvanance method a

L P,
sampling frequency from given Hy(s) = (s+D6E+2)°

d Processmg
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Solution: -
. rtial fraction,
Using pa a2 " ) 3 =A5+2A+BS+B
HB(S)"m:(ﬁ D'+ (+1)(s+2
' _(A+B)st2A+B
o =57 ns+2) G+DE+2)

Comparing coefficients, we get
A+B=0

and,2A+B=2

On solving,

A=2B=-2

2 2
S B "6 6+

1
Comparing with T

: 1 '
P ST We have

1
T=F —5—0.?.sec

13
Poles at p; =-1 and py==2
1 1 1

Now - = - = =
541 1-e X0 T 1 gt
1

1 .
SHZ L | €2 g [ag 0]

Therefore,

2 2
H@) =177~ =%
1-0818727 " 1-0.672"

M 2z 22
2- 08187 2-067

_22-1362-27 + 1.6374;
(z-08187) (z—0.67)

. _ 0.2774z
s, H(z)=
@) Z - 1.4887z + ().54853

—

IIR Filter Design 1197

41 Filter Design Using Bilinear Transformation

The 1IR filter design using Im pulse fnveris
pas @ SeVere limitation in that they are only for |
ﬁn{ited class of bandpass filters.
a

nce Method ( [IM)
Owpass filters and

The bilinear transformation describes a mapping from the s-
plane to the z-plane. It overcomes the limitation of [IM. 1 is a
confofmal mapping that transforms the JQ-axis into the unit circle
in the .z-plane- only once, thus avoiding aliasing of frequency
Components. ]

Let us consider an analog filter with system function

We- can obtain differential equation which describes the
analog filter as

: Y(s) _b
HO=X( ~5+a

or, sY(s) + aY(s) = bX(s)

Taking inverse Laplace transform on both sides,

: éycfttl + ay(t) = BX() oo (ii)

. Integrating equation (ii) between (oT —T) and nT ie.
nT e nT oT
d t - * e
4] -mdt_ dt+a [ y@©de=b [ x(Odt..... (i
nT-T ~ ol-T nT-T .
The trapezoidal rule for numeric integration is
ol T : R
[ a(tydt=7 [a(@T) +a(@T-T)] -
oTT
Here, equation (iii) becomes

t al 71—
y@T) —y@T - T)+ 5 y@D +7 YeT -1

bT bT
=5 3N +7 x(nT-T)

——
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ki transf(;nn the system function of the digital filter
Taking z- )

will be
Yo _ B L)
H@ =X~ 2 1:_2_] +a
TU+z"

Comparing equation (i)and (iv)_, we get
2(1- z")

=Tl +2”
eIy,

5T

Relation between analog and digital frequency:

Q= % tan(%) is analog frequency

o= Ztan*'(gl) is digital frequency

Advantages of bilinear transformation oyer 1mpulse
invariance method:

i The frequency mapping is one-to-one that prevents
aliasing.

ii. Stable analog filter is transformed into stable dlgltal
filter (preserves stability).

iii. Maintains a consistent frequency responsé. '
iv. Easy and effective to implement.

Comparison  between . M | and  Bilinear

Transformation _
Impulse Invariance . | Bilinear Transformation
Method Method

1. Poles are transferred byli. Poles are transferred by
using the expression

using the expression
.. _2Mz-17°
s—p 1-&z 'SZT\:2+I]

ii. It is prone to aliasing|ii. It avoids aliasing effect by
effect. frequency warping.

IIR Filter Design |199]
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{mpulse Invariance B
Method linear Transformatign

ooy Method
iii, Mapping is many to one, |jj, Mappmg 1S one to one
liv. It is not suitable to design|i

V. HPF  ang
HPF and BPF. BP

F
| HPFandBY®. | designed, far be
v, Only poles of the system

V. Poles as we]| ;
as zeros can
. can be mapped.

be mapped,

vi. More complex due to

L’alifasing issues.

vi. Simple and efficient to

ﬂp&mm\

Example 6.2: ;
~ The transfer function of analog filter js Hi(s)
m with_T = 0.1sec.,Design digital TIR filter -
 using BLT. ,
.Salntmn F

G1ven Ha(s) mand'ﬁ" 0.1 sec

z—1
Puttingls ='f-(—z ¥ 1) , we get

e liz=1 z-1Y\
Bl

3
= (&) 2 (5
e
T2z —31(3;(21;:-— 1A -
3 +22+1)

=506 — 374z — 414z + 306

> 3!2 +2z+1)

5062 — 788z + 306

Z+2z+1
2*__1__—_—————"—'
168.67z —262.67z + 102

&




Conversion of LOW Pass filter to High Pass filter
onvers

7'+
putz'= {T;&?}

cos[(ay + 0p)/2
where, 0= = Cocr(@,' — @) 1]
Here,
@, = Passband frequency of L‘PF‘
o, = Passband frequency of HPF

63 Design of Digital Low Pass Butterworth Filter |
’ el

Butterworth Approximation
HQ)P

Tolerance region

> F_fequency, Q

[P

"Passband  Transition ‘Stopband
band

o _The magnitude squared response of low pass Butterworth
uter 1s

HOQP ——A—

S
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. a8

where, _
\H(Q)l = Magnitude of analog low pass filter (LPF)
Q.= Cut-off frequency (-3dB frequency) '
Q= Passband edge frequency

" | +¢* = Passband edge value
1 + 8" = Stopband edge value
£= ?ammeters related to ripples in pass band

§ = Parameters related to ripples in stop band
N = Order of the filter

Higher. value of N gives better filter approximations but i
more complex and expensive.

|H(‘Q)|

Ideal characteristic

—» Frequency, Q

1
.
1
.
1
L}
]
L}
)
1
1
]
4
1}
!
1
.
A}
,
!
:
.
.
.
.
.
‘
)
L}
1
]
.
Q.

Design steps: ' X .
L Obtain the equivalent analog filter to be designed for the |
_ given specification of digital filter:

. [0)
For impulse invariance: Q=7

bl
For bilinear transformation: & =7 tan{ 5

———
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where,
Q = Frequency of analog {ilter (rad/sec)

® = Frequency of digital filter (rad/sample)

T = Sampling time
Evaluate the order of the filter:

01A(dB) _ |
IOgI{WTI]

T @)

where,

A, = Passband attenuation
A, = Stopband attenuation
Q. = Stopband frequency (rad/sec)
Q, = Passband frequency (rad/sec)

Note: While calculating order, take (upper limit) cezlmg‘

value: E.g.: 1.07 = 2, 1.0001 = 2.
Calculate cut-off freque'ncy Q.):

, L o
For impulse invariance: Q, = T“

For bilinear transformation: Q,;' = % tan("%)

2
If cut-off frequency (0;) is not given, then
_ “QD_I '
] 2N
3]

L —
IIR Filter Design (203

[n dB,
RN o i
1

.= (100_],\P(d3) N

Note: Ap(dB) and A(dB) can be denoted by o and o
,espectively

v Determine pole locations:

5 10 IV =0, 1,2, ..., N-1
Calculate the transfer function:
QCN
. Ha(S) (S pO)(S p|) ........ (S - p\;_|)

Note: If poles of a system are on left hand side of z-plane,
then only the system in stable.

yl. Finally ~we design the digital filter using Bilinear
Transformation Method or Impulse Invariance Method.
Cbnsider only stable poles.

Example 6.3:

Using bllmeal transformatlon, design a digital filter
using Butterworth approximation which satisfies the

following conditions.

08< |H(E?) <1 for 0 @<0.2m
H(E) <02 for 0.6T<OST

[2075 Chaitra, 2070 Chaitra]
Solution:
Given,
08 <[HE) <1 for0< < 0.2m
[H(e')| <02 for 0.6 SMET

From the question, the digital filter spec1ﬁcau0ns are:

Ap=0.38, : @, =027 rad/sample

A;=0.2, ' o, = 0,67 rad/sample

Assume T = | sec,

\_;
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- we have

1. Equivalent analog filter using bilinear transtrmaﬁu

is:

0.21
Q, =—2.l: lan(%) = ZMH(T)

- 0.649839 = 0.65 rad/sec

2(3“(“’5) 2tan( ) 275276 radsec

Required analog filter specifications are
A =08, Q=065 rdlsec,
A, =02, Q,=2.75276 rad/sec
1L Calculating order of the filter:
1

11
log| 77— ik ( 24 )
Al °8\05625

= =13
2

. N=2

al]

1L Calculating cut-off frequency since ®,-is not given:
Q-—% 065 '

1 o ] ]
_ 1N 2%2
(“A? ‘) (08 ‘l)
5 Q:=0.75055 rad/sec

IV. Determining poles of H.(s):
pl = ﬂzcej(Nfzi‘ 1)1U2N_ i =

V8 T N1
Fori=(,
Po = £0.75¢ w4
= 0,75¢"94

ool ) sl

T
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= #(-0.53 +j0.53)
po=—0.53+0.53 and 0.53 - jo 53

F‘Of i = 11
o =40 75¢l3 2w
| =10,
= +0.75¢>™

St
= i(),?S[cos(T) + jsin(%t)]
= +[(-0.53) + j(-0.53)]
s pi= —0.53-j0.53 and 0.53 +30.53

Plotting the poles, we get

0.53+j0.53 g 0.53+j053
X X

% X
+0.53-0.53 053 - j0.53

Taking stable poles only, we get
po=—0.53 +j0.53
p1=-0.53-70.53
V. Calculating H,(s):
QN
T
0.75055
" (s+0.53-j0.53)(s + 0.53 +j0.33)

_ 0.563335 oo ‘
05351053570 53570.2809+0.28090.535-50. 2809705

_ 0.563325
2+ 1.06s + 0.2809 + 0.2809

e 0.563325
s"+ 1.06s+0.5618




V1. Calculating H(z) using bilinear h-ansformation;

2 (Z=1Y;. ap
PuiszT(;_l') n .HH(S)

1
or, = Z(Z * 1) then
0.563325

H(z)={2(§_;_11)} £ibE% 2( +D+65618

0.563325

1
+21.2(Z+1

0.563325(z + 1)*
T4z-1+2.12z-1(z+ 1) +0. 5618(z+T)I

B 0.5633252° + 1.1265z + 0.563325 -
T47 -82+4+2.127 - 2.12 + 0.5618Z + 11236z + 0.5613

. e 0.5633252° + 1.12665z + 0.563325
- B =T 681877~ 6.8764z + 2.4418

which is the transfer function of the requu'ed dlgltal filter
using Butterworth approximation. -

7= Iy

4 z+1)

)4—0.5618

Example 6.4:

Using Bilinear transformation, design a Butterworth low
pass filter which satisfies the following conditions

0.9<[H(e™) <1, for0 <o s%
IH(E?) <02, for %—" <os<n

Consider sampling frequency of 1 Hz.
[2081 Bhadra, 2080 Bhadra]

Solution:
Given,
0.9 < H(E)| < 1 for0<w<?
IH(e“) <02 for%"s 0<T

—
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From the equation, the digital filter Specifications gre:

T
A= 0.9, ¥ =7 rad/sample

n
A =02, 05574 rad/sample
S
Sampling frequency (Fs) = 1 Hz.
A
T=%"1Hz 1 sec
E: Equiva]erit analog filter using bilinear transformation
is ;

2. (m2)
Q, =% tgn(%“) =1 tan(T) =2 rad/sec

and,

Q =% tan(.(_gs‘“) '=% tan(:%/&) =4.828427 rad/sec
Required analog'ﬁltér specifications are:
“A,=09,  Q,=2rad/sec,
A;=0.2, € = 4.828427 rad/sec
IL Calculéting order of the filter:

—zl 1
: AS
log 1

‘ 2log (%j
e ( 24
08 10.234568

= 427
2log(—_4 8228 )

=2.625483557
. N=3

-

-\?(;ST\‘ ssing
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1L, Calenlnting cut-off frequency since g, jg g

£

=" N

( | ])z

A

I —

P

09
()= 2.54674365

V. Determining poles of H,(s): ,
= NI, § = o L2, N1
Fori=0, ' :
P =+2.5467436500 N
= $2.54674365¢™"

a m . ny]
= ﬂ.54674365\:cos(—3—) + Jsm(%t)]
SHEL279T) +2205544)

rl Po=-127337 + 2. 205544 and 1.27337 - j2.205544
ori= |,

Pi = 42.54674365¢ 24 mo -
= 12.54674365¢

Y 54674365[cos(n) A+ JSlll(TE)]
=4{(-2, 34674365) + j x 0]
= $(-2, 34674365) .
D= -2.54674365
Fart o ang 2, 54674365

P2 =42.54674365 04+ we

= £2.546743 656
" 12.54674365 0

=428,
t-.S-&(\N’m:{c 08(43“) g n(“—“)]
3

“H-12m

IN+j-2

IR Filter Design [209!

0= —_1.28237-j2.2211 and 128237 +i2.2211

Takmg only the stable poles for filter design, we haye
= _1.27337 +j2.205544

= -2.54674365

-j2.2211
;= ~1.28237-)

y, Calculating Hi(s):

Q"
Ha(s) = T po)(s — P)(s —p2)

2.54674365
=GH2TT - 12.205544)(5+2.54674365)(s+1.28237+2.2211)

Here,
" po =_128+j22
P el 55
p = —1.28 22
So,

16.58
Ha(S) = (s+1.28-j2.2)(s+2.55)(s11.2842.2)

: 116.58
= (s+1.28Y - (122)°}(s+259)
16.58
= (52,565 + 1.6384 — | 4.84)(s12.55)
iz 16:58
= (572.55)(s™+2.565+6.4784)
VL Calculating H(z) using bilinear transformation:

Puts=%(z;‘1) 2Z=L i1 11 5), then

z+1 (z+1)

16.58

/
H(Z‘), ey +1)+2 ss) e ok 56"2(2 s )

/r":’/
22-2+2.552+2. 55)[ e ,ZLL‘-M; 4784}
( z+1 (z+l)

- in
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Solution:

16.58(z+1)°
= (4.552+0.55) )
(4 2_gz+4+5 ]"73__5.12'7'6.47842 12.95682+6'4784)
177-8z+4 ). 1-2
16.58(z+1)
= G.552+0.55)(15.59842 14.05687+5.3584)
which is the transfer function of the required digita) e

using Bunerworfh apprgxlmanoi

e S S

e —

Example 6.5:

Design a LPF Butterworth filter using Tmpulg,
Invariance Method (ITM) with passband and stophanq
frequencies 200 Hz and 500 Hz respectively, The
passband and stopband attenuations are 5 dB and 17 dB
respectively. The sampling frequency is 5000 Hz.

(2078 Bhadra, 2072 Chaityy

Given, :
Passband frequency (Fp) =200 Hz N
Stopband frequency (F;) = 500 Hz

Passband attenuation (A,(dB)) = 5 dB
Stopband attenuation (A,(dB)) = 12 dB
Sampling frequency (Fem) = 5000 Hz

Here, Time (D=i=ﬁ= 2107 sec

Fo _200Hz
E N, e e
NN = F " S000 Hz 004 Hz

S+ @y =2mfy, =21 % 0.04 = 0.087 rad/sample
_F._500Hz

and, f; Foo 5000 Hy = 0.1 Hz

0= =2% 0,1 =021 rad/sample

I Equivalent analog filter using impulse invariance
method is,

_0 _ 0.08n
% T ~ 2% 102 =400m rad/sec -

IIR Filter Design |211|

r

_0, _02r
and, =" =57 1072 = 1000 rad/sec

Required analog filter specifications are:

Ay(dB) =5 dB, £, = 400m rad/sec

A(dB)=124B, 0, =1000% rad/sec
11. Calculating order of the filter:

{0%1AB) _ i
g [EWWW_‘I]

v 2log (%J

r10%12 _
108[ 0 1]
10007}
2 x Iog(m)
2 log(6.867264181)
2log(2.5)
= 1.051394352

N 2

1IL. Calculating cut-off frequency since @ is not given:

SR e Sl
Q- = 7
(10%1Ae®) _ 12N
4007

(.100.1»(5 o 1)%
O =1036.29165 rad/sec
IV.Determining poles of Hy(s):
L e TN =0, 1, 2, i JN-1
. Fori=0,
po =+1036.29165¢% "
=+1036.29165¢"™"

3r), .. (3%
= 1:1‘036.29165[cos(—4—) + Jsm(T)J

= +[(-732.7688) +j732.7688]
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1688 and 732.7688-1732.768g

. o]
_ 73276884732
Y

Fori-: I« ]bq i‘:,:.nx«l
_ +1036.29160¢
' =+103 ,

_ 11036.29165¢™

DA (jg)]
= thBb.:leS[cos(T) +j8n(

18 +{(-T327639)]
—4]-732.7688 +1( 732. ‘
. 732.7688- {732.7688 and 732‘7638-{3732.7683
p] = — (L. [U0 A

i:.,}; ¢ only the stable poles for filter design, we haye
aking 3 4 S

P= ~732.7688 +1732.7688
= _732.7688 ~{732.7688

v. Calculating Ha(8):
N

B ¢ N—
Hy(s) = (s-po)s— ) :
' 1036.29165
= (577327688132, 1688)(s+732.7688+]732.7688)

10739 x 10° ;
= {5+ 732.7688) — (732.7688)"
10739 x 10° [ et
» H(9) =57 732.7688) + (732.7688)" | )
V1. Calculating H(z) using impulse invariance method:
We have, .

1073.9 x 10° i
HL(8) = (57327688’ + (732.7688)’

1073.9x10° 732.7688 i
=T732.7688  (s+732.7688)+(732.7688)°

I, 732.7688
= 1465337 X (4732.7688)+(732.7688)’

Comparing with

¢ 'sinbTz "
(stay+b 7 1-2¢"[cosbT]z ' + € 'z~
We have,

Hig) = 146553Txe M\ sin(73) 7688 x2x] 0™z

l‘23_7]2'7688”“lWCOS(732.7688x2x 10’4)24
+e—2x732.7683x2x104z_2

—
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Y

3 184.83768 !
HZ) = T=1 7088, T+ 0,745,
which is the transfer function of the required +:
using Butterworth approXimation quired digjtq) filter

e —
—

é(ﬂ mplc 6.0: —_—
pesign @ low  pass  digital
transformation method to an 4
tow pass fiter, If passband edge frequency ;
radians and maximum deviation of 0.99 dB g’e 15 0.26n
gain in the pass band. The maximum
and frequency is 0.58m radians i

Consider sampling frequency of 0.5 |z,
oo
Solution:

Given, ‘

passband edge frequency (@) = 0.26x radians

Passband attenuation (Ay(dB)) = 0.99 dB
 Stopband edge frequency (ax) = 0.587 radians

Stopband attenuation (A,(dB)) = 14.99 dB

Sampling frequency (Fam) =0.5 Hz

Note: The ~ve sign indicates attenuation

; 1 1
Here, Time (T) = Fo=05" 2 seconds
sam .

IR I"llter by bilinear
PProximate Buttenvorth

s low 0 dg
821n of -14.99 4p

the stop bang,
[2080 Baishakn|

I. Equivalent analog filter using bilinear transformation
is ’

2 2 0.26
Q= T tan(%) =3 Fan(“—z n)

. =tan(0.137)
= (.432738 rad/sec
_2 (w) 2 (058n
QS‘T“‘“(z)‘zta“( 2 ) |
= tan(0.297)

=1.289192 rad/sec

e —

\ :
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Required analog filter specifications are

A (dB)= 0.99 dB. Q= 0.432738 rad/sec
A(dB)= 14.99 dB. .= 1.289192 rad/sec

I Calculating order of the filter:
0.1A(dB) _ 1
log [l—(;rrqaﬁr_’lj
N =——™ =~
2log G%J

) -1 0.1x14.99 1
log[ﬁnﬂ.‘ﬁjil

= (1.28919)
2log (232738
_log(119.322152
& 210g(2.9791467)
=2.19
* N=3
IT1. Calculating cut-off frequency since @ is not given:
L L5 ‘
Q. =
(]OOIA,,((IB) ])ZN
_ 0432738
]
(] 00.]"0.99 _ l)g
< £.=10.54305 rad/sec

- IV. Determmmg poles of H,(s):
p=EQ TN S g 0 . N

Fori=0,
Po =30.54305¢iC w6
=H).54305¢2%

_ io.54305[005(23 ) & Jsm(z';t)]

=3[(-0.271525)+ j0.470295] -
+ Po=-0.271525+j0.470295 and 0.271525-j0.470295
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s Insights on Digital Signal Analysis and Processing

For l = ]1 '
oy = +0.54305¢/3 12 w6

=40.54305¢"
'=+0.54305[cos(r) + Jsin(m)]
=40.54305(-1 +j x 0)

p; =-0.54305 and 0.54305

FOl' i = 2;
py = 054305810406
= +0.54305¢/*™

290 54305[cos(43 ) + JSm@nﬂ

= +[(—0.271525) + J(-0.470295)]
p2 =—0.27152 - j0.470295 and 0.271525+j0.470295

Taking onl_yrthe stable poles for filter design, we have
po=—0.27152 +j0.470295 '
p1 =0.54305

' p=-0.27152 - j0.470295

V. Calculating H,(s):
\ QF 2
a(s) (s—P)G—p)S—ps)

0.54305°
T (s+0 27152-;0 470295)(s+0.54303)(s+0.27152+j0.470293)

s 0160147 ;
[(s +0.27152)7  (j0.470295)7] (s + 0.54305)

& 0.160147 q
(5+0.54305)(s+0.543055+0.0737258-°0.221177)

- 0160147
: * Hu(8) = (5570,54305) (s + 0.54303s + 0.2949)

VL. Calculating H(z) using bilinear transformation:

_2(z-1)_2(z-1 (Z 1) H,(s), then
Pyt = T(z+1)=2(z+l) 2K,

oy



. a8

0 160147

0.160147 :
= 7 1+0.54305z + 0.54305)
z—1+0.543052 4 0.08.0)
. z+ 1
0.2949(z + 1
1V +0.54305(z- D+t D)+ ) ]
\:Lz’)_’_ (z+ l) ‘
0.160147(z+1)’
= (} 543052 — 0.45695)
(z 2_974140.54305z
i 160147(z+1)
5 (1.543052—0.45695)(1.83795z —1.41022+0.75185) .

which is the transfer function of the required digital filter
using Butterworth approximation.

—

Example 6.7:

Design a low pass discrete time Butterworth filter using

bilinear transformation having following specifications:
Passhand frequency (@,) = 0.257 radians
Stopband frequency () = 0.55% radians
Passband ripple (§;) = 0.11 |
Stopband ripple (3;) = 0.21.

Consider sampling frequency of 0.5 Hz.

Also, convert the obtained digital low paés filter to high -

pass filter with new passband frequency, @,' = 0.451
using digital domain transformation.

(2079 Bhadra, 2071 Chaitra, 2069 Chaitra]

Solution:
Given, digital filter specifications are:

Passband frequency (w,) = 0.25% radians

Stopband frequency (@) = 0.55n radians
Passband ripple (8)=0.11

Stopband ripple (8,) = 0.21

I
IR Filter Design 1217|

~0.54305z+0. 2949z2+0.5898z+0.294.9) -

sampling frequency (Fy,,) = 0.5

1
= Fam 05 2sec '

Passband attenuation (A;)=1-§ = _ 0.11 =

=0.89
Stopband attenuation (A,)=§, =021

I. Equivalent analog ﬁlter using bilinear transformation
is: -

2, (@) 2 0.257m
Q,= o tan(zj = tan(—z—) =0.414235 rad/sec ,

Q—Zt (&)_g 0.55m
=7 tan(5 ) =7 tan 5 )= 1.1708495 rad/sec

Required analog specifications are:
Ap;=0.89,  Q,=0.4142135 rad/sec
A;=0.21, Q.= 1.1708495 rad/sec

II. Calculating order of the filter:

. 1 1 ’

:A:I ==

1 .
ASC

2log (Q'Qj
_ log(82.58466)
~ 2log(2.82668)
=2.12386

© N=3

log

N =

III. Calculating cut-off frequency since q is not given:
Q

() Sep A

o
- Um

0.4142135

(0 0.89°~ 1)

=0.51766 rad/sec

e ————
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H(5):
mmg pl)]cs of Hy
w Dmig cJ(MZ.an i=0, 1,2, e N1

0=
Fori=0, .
= 051766¢"
— 40.517668""
m\ .. (2%
:io.sl‘léﬁ{cos(‘{)ﬂs‘“ 3
— +(-0.25883 +j0.4483)

. po=—0.25883+ j0.4483 and 0.25883 — j0.4483
Fori=1,
_i051766€j(3+z+\)w6
p = :
=+0.51766e"
= 4+).51766[cos(m) + jsin(m)]
=40.51766(-1+j % 0)
. PI= —0.51766 and 0.51766

Fori=

P =i0.51766e“3+“’”6
=+0.51766"% -
=H).5176 605(4; ) * Jsm(43n )]
=H(-0.25883) +j(-0.2483)]

- p.=-025883 —j0.4483 and 0.25883 + j0.4483
Takma only the stable poles for filter des1gn, we have
po=-0.25883 +0.4483

1 =-0.51766
p=-025883 — j0.4483
V. Calculating H,(S):
- oy
Hfs)= T TP v

0.51766° BN
~ (5025883 70.4483)(s+0 51766)(54-0 25883+j0.4483)

9|
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@

. 0.138718
=TT 1ERR _ (10 AARA T ——
[+ 0.25883) (10.4483)")(s + 0, 51766)
0.138718
=(5+0.5 1766)(5 +0.517665 +0.066993 ~ 75 20097)
0.138
Hi(s) = 7

(s +0.51766)(s” + 0.51766: 3 0.267963)

v1. Calculating H(z) usmg bilinear transformatign:
2(z=1Y. 2(z-1 (z-1),
Puts=m7 (z +_l) B (z +-1) " (z+ 1) 0 Hals), then

5 0138718 .
(z=D . ][ —1
[ +l)+o 51766 ‘(_12-i—0(z+l) 51766(Z+1)+0267963]

= 0.138718(z+1)*
== (z-140.517662+0.51766)
@ 2 274140, 5176622—0 51766+0.2679637+0.5359262+0.267963)

H2) = 5 0.138718(z+1)°
(Z‘_ (1.517662-0.48234)(1.7856237-1 4640742+0.750303)
- which is the transfer function of the required low pass

~discrete tim¢ Butterworth filter obtained using bilinear
transformation.

To convert this obtained digital low pass filter to high

pass filter with new pass band frequency @;' = 045w
using ngltaL domain transformation, we have

Passband frequency of LPF, wy, = 0.25% radians -
Passband frequency of HPF, ®, = 0.45x radians
: Aion! '
o R b A0
We putz ' = _[1+ azﬁl]
where,

cos[(my' + wy)/2]
~ cos{(ay' -~ @p)2]
cos[(0.45% + 0.25m)/2]
" cos[(0.45T — 0.25m)/2]
_ - 045399
0.95105

. 0=-04773566

f
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|~ 0.47735662

or,z=- [1'; 0.4773566z

[ 2~ 0.4773566 ]
=] P o |
S0, 2 T

We have. 4
0.138718(z+1)

H(2) = [7:517662-0.48234)(1.7856232'~1.4640742+0.750303)

It can also be written as
0.138718(1+z”")’
H() = (7577660482347 )(1.78562-1.464074z +0.7503032 %)

- (z0.477 3
0-138718[{1—0.47%)“]
z-0.477
[1-52" 1-0.477z -48]

704772 (2—0.477
[1.78><H"—1 _0_4—,72)} —1.46x 1—0.477z)+0'75]
(—z+0.477+1-0.477z)°
: . 0138718170 4777
or, H(z) = (—1.522+0.725—0.484{).228962

1-0477z
2-0.477) z-0.477
[‘-78 (1-0.4772) +1'46x(1—0.477z)+°-75]
(-1.477z+1.477)°
0.'38718" (1—0.477Z)3

(—1 .29104z+0.24
1-0477z

{1.78(5—0.954z+0.2275)+1.46(,-0477£+1.22752—0.477)+]

Now, in HPF,

H(z) =

0.75(1-0.9542+0.22752%)
(1-0.4772)*

- 0.138718(-1.4772+1.477)°
i (~1.291042+0.245)
(1.782°-1.6982+0.405-0.6967°+1.7922-0.696+0.75-0.71552+0.172)

_ 0.138718(1.477z-1.477)°
(1.291042-0.245)(1.2542"0.62152+0.459)
0.44696(z—1)’
(1.291042-0.245)(1.2542—0.62152+0.459)
which is the required transfer function of equivalent high
pass filter.

~. H(z)=

e
IR Filter Design [221|

. 4

e
E;ample 6.8: i

Design 2 digital low pass Butterworgs ”
pilinear transformation techniques
speciﬁcatious:

Passband'peak to peak ripple < 1 g
passband edge frequency = 1.2 kHy
Stopband attenuation = 40 dB
stopband edge frequency = 2.5 ki
Sampling rate = 8 kHz

er by applvi
for PPying

the given

Sn!uﬁdn: .
Given digital filter sp_eciﬁca}ions are:
Passband attenuation, o, = 1dB
passband edge frequency, F, = 1.2 kHz
Stopband attenuation, o, = 40 dB
Stopband edge frequency, F;=2.5 kHz
Sampling rate, Fo,m = 8 kHz
Here, =
Time (T) =5 — = g2 75 = 1.25 x 10" sec
? Fam 8x10° -

Also, norn;lali;zed digital filter specifications are:

] 3 3 .

' fp=‘§;=l,§2x—xl})g-= 0.15 He
*. @y =2nf,=2m x 0.15 = 0.3% rad/sample

e a0

_aﬂq,ﬂ Fon =3 x107 ~03125Hz"

S 0 =2mf, = 21 x 0.3125 = 0.625T rad/sample.
L Equivalent analog filter using bilinear transformation 18

BRI, L B (Qﬁt.)
L Tta“(z)“l.zsxm:"‘a“ 2
= 8152.407 rad/sec
2 7 0.6251!)
Q =i— .(‘-'.).5. < (——'——‘
3 T‘a“(z) T35x 10 V0% - 2
=23945.69 rad/sec

e :
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Required analog filter specifications are:
o, =1dB (A(dB)). = 8152.407 rad/sec
. =40 dB (A(dB)), = 23945.69 rad/sec

Now this question can be solved like previous questiong

E;admae—&%

Design a digital low-pass with the following Specificatioy,

i. Passband magnitude constant to 0.7 dB below ¢,
frequency of 0.157.

ii. Stop-band attenuation at least 14 dB for g,
frequencies between 0.67 to T.

Use Butterworth approximation as a prototype and yge

bilinear transformation and IIM method to obtaip the

digital filter. [2075 Ashwin, 2074 Chaitral

Solution: _
Given digital filter specifications are:
Passband attenuation, 0,=0.7dB
Passband edge frequency, w, =0.15n
Stopband attenuation; o, = 14 dB
Stopband edge frequency, w, = 0.67

Assume T = 1sec, we have,

L. Equivalent analog filter using bilinear transformation i
2 2 (0.15% g =T -
Q, =T tan(%] =7 tan(T) =0.48 ;ad/sec

2 (w) 2 (06
Q.= = tan(—z-) =7 tan(Tn) =2.7527 rad/sec

Equivalent analog filter using impulse invariance method
is: : .

_9 0157
91’7 T 1 —0.15mwrad/sec=0.471 rad/sec

sS4 =1 I = 0.67 rad/sec = l.8é5 rad/sec

—
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From the required analog filter specification we ¢qy
calculate other parameters using dp foymyyy this
particular case. Inl this way, we can solye 4

like previous questions.
m of Chebyshev Filter, Properties of
g gliiptic Filter, Properties of Bessel Filter, Spectral
Transformation

is problem

chebyshev Approximation
HE@)P

—Q

0 Q,

Fig.: Type-I Chebyshev filter characteristics
IH%Q)P

1

0 Q Q- N
Fig.: Type-Il Chebyshev filter characteristics

—

: essing
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1\‘ }“\lt

These filters § arc
dow aquinipple b¢
NN wophand.

The magn

all pole fi filters. In the passband, these i

stude squared frequency response 1s given by
BN S

W = (_g_;)
[-'rE’Cx'

whor _
o = ripple parameter in pass band
- [[0!1!\,153 _ 1}1 2

; FI: B 1J :
= Passband frequency
= Stopband frequency
Cx = Chebyshev polynomial of order N
Tl
This filter consists of zeros as well as poles.

The magnitude squared frequency response is

U
BQ)| CNZ(&
I1+¢g S|
@)
where,

&= Ripple parameter in passband

Q, = Passband frequency

Q. = Stopband frequency

Cy = Chebyshev polynomial of order N

Itey
N
haviour and they have monotonic chamctcnsh

IR Filter Design |225|

pte: The major difference betweey

ilter is that the po) Buttery,
hebyshe‘vf poles of gy, 0
tCh o circle whereas the poleg of C/; merth filter ligg o,

ellipse. Shev. filrer ¥ lie op
[ lHﬂ}_g_[IO(J,IAF,((]B) ]]uz

If A, is not in B, then

1 I]UZ
e=[’[p7‘, :

Magnitude at cut-off frequency (q, = )

|
BOI= N5 &
Order of the filter

When magnitude is expressed in dB, the orq
filter is obtained by using er (N) of the

H(JQ)I indB= —ZOIogme 6(N — = ZOIng(Q)
b Poles of Chebyshev filter
= ro\osB, + jRsinG;

5 T -(2i+1
where;0i=§+%qit;i=0,l,2, ....... ,N-1

S
A Qp[ﬁ_ 1] ‘
. S
. QP(M)
: I/N :
3 and B [@)
System transfer lfunction

1
Y G060
where,

i~ =by for N being odd

by : »
: \llTez for N bemg even

28] “ :
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Exa m?plg 6.10:

Design a digital low pass filter using Chebyshey filtey
(hat meets the following specifications  passhang
magnitude characteristics that is constant within 1 gp
for recurrences below @ = 0.27 and stopband attenuatioy
of at least 15 dB for frequencies between ® = 0.3 ang 5
Use bilinear tEEs_fPrmahon

—_—
T

Solution:

Given,

Passband ripple, A,(dB) =1 dB

Passband edge frequency, @, = 0.2% radians
Stopband attenuation, AJ(dB)=15dB
Stopband edge frequency, @, = 0.37 radians
Now,

Step 1: Calculation of analog filter's edge frequencies

equivalent to given digital filter specifications using bilinear
transformation:

5 :
0, =Fan()
- Assuming T = 1 sec,

5 :
Q,, Ztan( ) 0.64984 rad/sec

Q.= T lan(m) 2tan(0 ;n) = 1.01905 rad/sec

Step 2: Calculation of &;

£=[10%1A408) _ 112 10071 _ 172 = () 508847

Step 3: Finding the order of ﬁlter .

IHGL) in dB =—20log;¢e ~ 6(N — 1) — 2010gm(§25)

or, =15 =-20log;¢(0.508847) — 6N + 6 —20log;(1.01905).

or, —15 = 5868255632 — 6N + 6 — 0.1639
or, =15 = 11.70435563 — 6N

—

IIR Filter Design 1227|
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. 6N= 1170435563 + 15
0l

of N = 4,45

o N=5

step 4 Finding poles:

5= rcos; + jRsinG;

\[L+€+ 1\IN
HGI‘CI,B::‘

£ .
~ [\[ 1 +(0.508847) + 1\1/s
- 0.508847 .
: =1.343628
1
r= QPGLZB—) 0.1947487

2, '
= Qp(‘B_ZB_l) =0.67839449

n QitDm . -
9=5+£——2¥L;1=0,1,2,3, ...... ,N—-1

6T
9= 1. 88495 (10)

R 87
6= 251327(10) ,

02‘= 3.14159 (r)

=3.76991 (12")

14w
0,=4 39823 ( 10)

So, 59 =-0.06 + j0.645
51 =-0.15755 + j0.3987
8,=-0.1947
83=-0.15755 — j0.3987
84=-0.06 — j0.645

nd Processing



& H(Z) 854 X ]0 4
Step 5: Transfer function: i ot - =1.6965z+( 85996)20 =
755.10.3987) which is the transfer unctlon of the )
e 0. 645)(q+0 1543939098/ re q ired d
e (s+0. S:%?gé 157554]0.3987)(s+0.06+]0.645) Chebyshev filter obtained using b, A trans gnaltlo‘” pass
5 ma
e know that, i = by for N being 0dd gpectral Transformation i
We kr]lo " b- Types of Transformanon M
cu 0y .
To _sz_sﬂ o, Sy K% ___s4) =0.015 g ansfol‘m”“““ e S Tameterg
0015 LPF z' —9——724 — sin
. Hn(s) - [(S+0 06) _00 645) ] . l = aZ~ a= ;n[(')cwm
[(5+0.15755)~(j0.3987)"] (s+0.1947) /’H_P_Ir—rl_?;\‘ (@ra)
0.015 T e e MECIN 02
(Sz+0_125+0.0036+0.4160252) B e e C\%%(%@j)é
210.31 55+0.024822+0. 15896)(s+0.1947) BPF 4 a7 '+a,
? 0.015 ok m = ﬁkl ,az‘i i
= 0.12510.42)(s+0.3155+0.1838)(s+0.1947) - s :
o0 6: Calculating H(z) using bilinear transformation: B :
Step 6 Calc_a g (_‘1 o = Sl 0]
L) cos{ (i)
Puts=?(‘z+_1' =251 . O—0)/2] -
0.015 and,
- H(z)= :
R T oftss)
15( 1)_‘_0 1838} [( 1)_}_0 1947} . BSF z-_l z"z_a]Z—l-1-a2 ﬁ——
[4L +1) +0.3 +1 +1 i C Mz Az (T E—'F_l s =T+—k
0015z +1)° : L s
[4z— 1)2+o RE-1)G+1)+042z+1)] !l
[4(z— 1) +0315(z—l)(z+l)+01838(z+1)] - cosl(ota)r]
[z-1+0.1947(z + 1) 'cos[(cq,—m,)/z]
0.015(z+ 1) and,
(4r 821450122 0,12+ 0422 + 0.84z + 0.42)
(47"-82+4+0.3152-0.315+0. 18387°+0.36762+0.1838) - tah(m* A m,) : (&)
(z- 1+01947z+0]947) N e ]

0.015(z+1)°
(4.542°-7.162+4.3)
@ 49887°-7.63242+3.8688) (1.19472-0. 8053)
0.015(z+1Y’ -
17.5643(z" — 1.577z + 0.947)
(Z - 1.6965z + 0. 85996) (z—0.674)

IIR Filter Design |229|
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EEﬁcme FOURIER TRANSFORM

o eiats
71 Discrete Fourier Transform (DFT) Representatiop,
; properties of DFT

T
Frequency analysis of discret?-l'imc §ignals_ is usually ang
most conveniently performed on a digital signal processor, “.Vhich
mav be a general-purpose digital computer or_ Specmlb; designeq
diz.ital hardware. To perform fn:que.ncy analys!s on a discrete-time
si:mal {x[n]}. we convert the time dorrfaln seq‘uche o ag
ec;uimlcm frequency domain representaFlon_ This ﬂeql{enCy
domain representation is given by the ‘fou'ner tranfform X(e") of
the sequence {x[n]}. We know that X(¢"”) is a continuous functioy
of frequency ® and therefore, it is not a computationally
convenient representation of the sequence {x[n]}.

Thus, we consider the representatioq of a sequence {x[n]}
by samples of its spectrum X(®) or X(¢*). Such a frequency-
domain representation leads to the Discrete Fourier Transform

(DFT), which is a powerful computational tool for performing

frequency analysis of discrete-time signals.
Frequency Domaiﬁ Sampling

Discrete Fourier Transform (DFT) is the equally spaced
frequency samples of Discrete Time Fourier Transform (DTFT)
-over one period. Sampling is done at N equally spaced points over
the period. ' .

Here, we "establish the relationship between the sampled
Fourier transform and the DFT. The DFT is represented as X(k),

which is the discrete frequency sequence of finite length used to
represent discrete time sequence x[n] of finite length.

' Let us consider an aperiodic finite duration discrete time
signal x[n] with N terms whose DTFT is given by,

X(@orX(@)= ¥ x[nlei™ ... (i)

N=-—eo

Discrete Fourier Transform |231|

Since X(¢') is periodic with periogd 2%, onl
fundﬂmcntal frequency range are necessary ' ONly samples in the

- . For ¢ ;
ke N equidistant samples in the interval < ot 2;’cm.'emence. we
: US4 1e.0,1,2 3

.
vt

. . 2;
N - |, with spacing N

t 1 1 = &t_
If we evaluate equation (i) o= N > e obtain

Jg_rg) - 2
V) = 3 xfnje ™"
: | Lo }

After sampling with N samples,

o N-1 ) __211:
X(ejﬁk) =3 )l{[n]eJrﬁkﬁ ....... (ii)
=0

where k=0, 05 0ens ,N~landm=2—£k
Tn general, we can write

XE)= T e

n=0

Here, X(k) is the DFT of x[n]. Since summation is taken for
N-points, it is also called N-point DFT.

We can obtain x[n] from X(k) which is called nverse

Discrete Fourier Transform (IDFT). -

)=y T X(OF™ = DFT(R(0)

N-1 . A :
Also, X(k)= ¥ x[n]e 7™ is periodic with period N.
=0 ’

Proof:
‘N-1 . -jﬁn(wu)mn
X(k+N)= ¥ x[nle
n=0 .
N-1

= 3 (xlnle ™™™
n=0
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The twiddle factor makes the Computation of
N-1 kN [, o2 = cos(21m)fjsin(2nn)=|] and fast. FT a bit easy
% e e .
n=0 v Example 70[! ‘_\‘——ﬁ._‘____
XKk AN) =XEK) Calculate DFT of x[n] = §[y),
Note: Solution:
Supposen=n+ N1 x[n], then : | Given, x[n] = 8[a]
x[n+N]= T]q 5 X(k)ejmmmm ' ’ = x[n]=1forn=0
"% 0 otherwise
1 ama/N _jnk
¥ X(k)e e
N k=0 w : Now, X(k) = ): x[n]e- 2
f n=0
] N-1 jank _ : A
Nz X(k)elzmm B : - =x[0]gmeon
k-:'.o .
=x[n] ' . =] ;
This shows x[n] to be periodic even though it is not. This| i =1forallk
may lead to confusion. Practically, x[n] is not periodic but For N point DFT, k =
mczrctxcally it shows to be periodic. In order to mrhgate this : XQ) . f X(N=1)h Ol 1; 2 s N= 1. 80, X(0), X(1),
problem, we always tekethe range. "o o nail T - 1 ERpRemUAnERE : as to be found
n=0toN-1 Example72
and k=0toN-1 o " Find the DFT ofx{n] s(n m).
Twiddle Factor : ; : | Solutmn Eray :
The DFT of x[n] is ; < leen,'x[n]\= lforn=m

= , 0 otherwi
X(='3, sl s
Here X(k) x[n]e ol

- We can represent as WN = e’z"’N which is. called twiddle : 10;
factor. So, . ‘ 5 =X[m]e” ienkmiN
=1x —j2nkr/N
X(k)—z x[n]Wlm :k=0,1,2, .. N—1 = g
- R
Similarly, _ Now,
IDFT: x[n] =%I' i] X (k)N | X0=1
&=l : . X(1) = g ¥ =i
400 L ;
=N 5_30 XWWy ; n=0,1,2, e JN-1 | x(2)=e-121=42m’N=wi;“

1234] Insights on Digital Signal Analysis and Processing

Discrete Fourier Transform |233|

i SEDNRTRIE i RN N




il

* (N-1)m

_jaaN-TmN — Wiy
X(N-1)=¢ '
Example 7.3:

(Zm'n)
Find the DFT of x[n]=cos{ N )°

Solution: :
z_frm)
Given, X[n] = 0S| "N
_j2emN

dlﬂl"ﬂfN_{_e

=3 (Wi + WR)
—j2nka/N

N-1
Now, X(k)= T x[nle
n=0

=S xmIWy
.0=0

i - kn
n=0

1N (k-)n (k+r)n

n=

]
Fork=r,

1N-1_ (r) (r+r)
X(n)=3 Eofwr:m*WN

-

"2

N
2

0

N-]
5-[1+Wx')

n=0

I N1 om
+§ZWi]
=0

Fork=-r,

(-r-r)n

1 N-1 . =
X0y 3 W
A n

— e

Discrete Fourier Transform 235!

"\

] N-I ) 4
A N
n=0
N IN-1 o
== i
2 2n‘-'() N

For every other values of k beside r -1, th ,
some values of (k —1) and (k + 1) the S,in ere will be
aph plot, the sum of upper portioy and | € and cogipe

i : OWer port;
h will always result in zerg with portion of
grap within the fange 0 to N |
Hence, ’

N
X(k)=7ifk=rork=—rork=N_,

=0 otherwise
The ])1"4‘T as a Linear Transformation
The formulas for the DFT and IDFT cap e expressed as:

N-1 kn :
X(k) = ZO X[H]WN' 3 k= 0, 1, g N 1
n=‘ S '

1N 2
and, x] = T XOOWy

where, by definition,

Wy= _e‘jz'“rN which is an N root of unity.

The N-point: DFT may be expressed in matrix form as
Xn= Wl}? XN '
where

Wl;,“ is matrix of the linear transformation.

The IDFT can be expressed in matrix form as
1 .

N~ ﬁ WN XN

where

Wy = Conjugate of Wy = 2™

We observe that Wy is a symmetric matrix of order NxN
that represents different values of twiddle factor.

——
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|, e i .
=6 ¢ = cos(m) - Jsin(my=_; -
DFT: ~b-f=
' h=0 a=1 n=2 n=3.. ,n=T:I—_|1_ Henc€s
= = w r Wk“ Wkn wh’l w‘{? ......... W,Nn X(O) = l 1 I
A }}t (1] WE‘ W‘Z" WE‘ WX Wy X1 [X(O)] =[ 1 -1 1:|
(1) Sl ; i -
;:_}) k=2 w w:\ wg‘ W‘;‘“ i T W‘I{l X(z) X(l)
Yoy = k-3 W W WROWR e W =[ 1’+1] =[2}
IR b Liml Lo
o] aenaloe w5 v welloy| | cxonx0se
IDFT: ; | gl |
=0 w=1 n=2 n=3_..n=N -_1I - > Calculate 4-point DFT of x[n] ={1,1,0 0)
- o e *kn *kn w‘!m et w'kn B X(0 == il b
x(0) | k=0 [Wy Wyt Wy Wy == B L) X(O0) 1 o
) k=1 | Wi W W WA W X() Soluteort: Sy
x(2) k=2 w;h' W;“m W;‘“‘ W"‘“ ...... Wyk“ X(2). ! For 4—[}_0111 , 3N ;
x3) (oL k=3 |W W w_;jm W W || Xo) so,n=0,1,2,3
AN P e 01,23
x(N:- n|  k=N-1 LW":}” Wi Wt WRP e WRT | I_X(l‘i -1) Using 4 * 4 transformation matrix, we get
E L R B T Y 0 0 0 —
q Example 7.4: ' _W4 Wi _W4 W X(0)
§ Calculate 2-point DFT of x[n] = {L,1}." wﬂ w]; ‘Wi Wi b
Solution: : 0
olution ' W Wi W: Wf{ x(2)
For 2-point DFT,N=2 o
SO,D=0,I . 2 4 4 4 w4 =
k=0,1 - . ) We know, '
N-1 ' ' ' S
Here, X(k)= 3 X[n]Wx; fork=0, 1, o, N=1 - Wy =2
n=0 ~ : :
om0 _ 0 _
Using 2 x 2 transformation matrix, : So, Wy =¢ ™" =¢" =1
0. 07 - : : : 2 :
[X(O)J _ { Wy W5 1Mx(0) | W, gPmdi = gin cDS@ —J'sin@ =0-jx 1=
. LX(1) wh wl |Lx() :
- 2 Wp 1 pmal S
S W,=¢ = g% = gos(m) — jsin(m) = -1
; We know, ! St s -
‘ ; g . (6m o g e
! \;f;qﬂ = g2k . ' | W?, = g2 _ e*{“““ 2 c:os(%&) = Jsm(_zt_) =0-j-1)=]
-So,Wg —e 2 _ 0 _ Wi = g i2Pil = 2% — og(2m) - jsin(2m) = 1= jx0=1
Discrete F form |237 — .
1 screte Fourler Transform |237] |238| Insights on Digital Signal Analysis and Processing :
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W:’ =gt = ¢ " = cos(3m) Fjsin(jn) =-1-jx0=—1

w3=e‘jzwld:@_jw:cos(g;) JS'“(g) —i(1) =+
Hence,
X(O) 1 1 1 | |
x| |15t ]!
x| |1 -1 1 -1 |0
xgd L1 j -1 5dko
F1+1+0+0
-0+0
1-1+0-0
L1+j-0—0,
X©)y1 I 2
x@) | | 1-j
x@) | | 0
X3 L1+j
Hence,
X(0)=2,X(1)=1 ],X(Z) 0,X(3)=1+j
Properties of DFT

DFT is a set of N samples {X(k)} of thc Fourier transform
X(¢) for a finite-duration sequence {x[n]} of length L < N. The
sampling of X(e!) occurs at the N equally spaced frequencies o =
2nk/N; k=0, 1, 2, ... , N — 1. It was demonstrated that the N
samples {X(k)} uniquely represent the sequence {x(n)} in the
frequency domain. The important properties of the DFT are
mentioned below. They resemble the properties of Fourier series,
Fourier transform, and z-transform. A good understanding of these
properties is extremely helpful in the appllcatlon of the DFT to
practical problems,

L Periodicity:

If x[n] and X(k) are an N-point DFT pair, then
X[n+N] = x[n] forall n

Discrete Fourier Transform 239

X(k.+ N) = X(k) for all k
Thatis,
DFT

x[n] =i X(k)

N-1 ;
where, X(k)= 3 x[n] W:,n is

o periodic with period N.

Proof:
Fork=k+N, we have

. N- : 2
X(k+N)= z; X[n]e 2NN L. gy = gty
n=|

N-1 L :
=’y X[ﬂ]e-Jm,N X e—ﬁm
n=0

N-1 i _
= X x[nle M x| [z P =)
=0

}: x[n]Wkﬂ
. n=0
& X(k+N)=X(k)
Linearity: -

I xi[n] = Xi(k)

and, x,[1] ¢ X,(k)

N y
Then, a,x[n] + 0] —— aiXa(K) + 2:X(0)
- Proof:
We have,

: N-1 i
XKy =T xo)e?uNs
n=0

N-1
= ¥ [axi[n] + 3zxz[n]]e_pmm
n=0

N-1 r Nl b
=y ax[n)e?™™™+ ¥ axy[ne”
n=0 n=0
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) N-1 -j2
N- emkaN 4 ) 5 xp[ne
= 81:;;0 x][ﬂ]C zn__.o -
=, Xi(k) * 2 Xz(k)
Symmetry:

1f x[n] and X(K) are complex valued sequence

i.c. x[n] = xg[n] +ix[n]; 0<n <N-1
X(k) = Xr(k) +JXi(k) ;0SksN-1

a. Ifx[n]is real valued
X(N-K) = X*(K) = X(-0)

b. 1fx[n]is real and even
x[n]=x[N-n];0<n<N- 1

c. Ifx[n]is real and odd
x[n]=-x[N-n];0Sn<N-1

d. Ifx[n] is purely imaginary
x[n] = jxi[n]

Circular shift:

In DFT operation, going beyond the range of 0 to N 1 fork .

and n may result in unexpected results.
Suppose' x[nl {xﬂs X1, X2 x3}

Here, N = 4 and x[n] starts from n =0 ending atn =3.
Let Xp < X; < X <X; then the graphlcal representatxon of x[n]
will be

X
X3
X
Xy
Xy
L T T T

If we perform normal shifting, then x[n + 1] or x[n -1]
gwcs undesirable value in the case of DFT since they move

——
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out of range. So in DFT, (o perform .
we need circular shift. ¢ function of shifting,

In circular shift, the range is always mg;
and N-1. If x[n] is fthe original signal, x[n

are circular shift of the origina| signal x[
number of elements in x[n], then

Ntained between ()
~ )y and x[n+q],
n] where N is the

x[n]
A X
|
X
X
X % %
Xy
T N .
Fig.: Linear scaleA Fig.: Circular scale
i x[m—1]4
x[n] . .
A . pd
% =
- Xo }]l - X[ ‘(3
S G o e
X[n-2].
x[n)
A 2
.‘X3
x2 ; Xl ‘(0 ‘{2
: l 1 > 1 xl
Y1 ea .
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O .

X3
C Xy X3
. Xy i

jit. x|n =3 .
Xy
x[n]
X ‘ X3 X
X
Xy

0 ] Z .3
iv. x[n+ 14

x[n]

v. x[n+2]4

Xy
Jil L g at

vi. x[n+3],
x[n)

—
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e 2
|
|

" Time shift and frequency shift;
i, Time shift property:
'[fx[n] (——DTT——) X(k), then
D
x[n - oy 2 W x
where, Wyy" = ¢ o

Shifting the sequence in time domain
equivalent to multiplying the sequen
domain by Wl;” opgPowN

by ny samples fs
ce in frequency

ii. Frequency shift property:

If x[n] e% X(k), then

%t DFT® -
x[]Wyy ™ 0 X(k— Ko)y
or, x[n]W;"u (—D:IT——). X(k +kohy

Multiplication. of seﬁuence x[n] with the complex

exponential sequence "™ is equivalent to the circular
shift of the DFT by k; units in frequency.

VI. Time reversal property:

If x[n] <—£N”_> X(K), then

X[y = H—)"D;T - X

Since the range of n and k must be between 0 and N - 1, we
wrile i ! :
Anlv=xN-n] =

and, X(-k)y = X(N - k) :

Proof: :

DFT {x[-n]x} = DFT{x[N -]}

N- ;
=3 x[n]e’
n=0

2ak(N-o)/N

|244| Insights on Digital Signal An;lysis and Processing




N-1 ank o, a-zmk-mN
=¥ x[nje™ * ¢
n=0

I e ) - [P

n=0
=X(-k)
=X(N-k)
VIl. Circular correlation:

1f x[n] ¢—— X(K)
and, y[n] <—DNFT——) Y (k), then
Tl e~ R = X(0OY*(®)
where, Ty(l) = Né; xX[n]y*(n— D
N-1 ‘
= ¥ X[nly*[/-n)lx .
n=0 1
=x(O®) y*h
». Ry(K) = DFT(T() = X(K) Y*(¥)

VIII. Parseval's theorem:

If x[n] % X(K), then

N-1 N2 I N-1 2
T Kol =55 = IXQ)
=0 =0

Proof:

N-1 , N g

T XM = % x[n]x*[n] ........ (i) ;
=0 n=0 : .

Applying,

X[n] =1i1 E) X(k)e N

‘

: 1 N-J ;
x*[n]=ﬁ ¥ x#(k)eﬁ.lannlN
k=0
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i
-

Repiacing x*[n] in cquation (i), we get

N-1
X einlf = X (] )
=0 n=0

N-1 1 N-1
= LX) X7 T X¥(K)e iz
k=0

n=0

_I_N—I =4 N-1 .
N kZoX (k) % x[n]e-i2nan
= n=0 3

N

5 X*(K)X(K)
k=0

Nl 1 N-1
w3 KNP =5 T X(P
=0 k=0 ‘

[x. Circular cor_lvolutidn:

Convolution in time domain results in the multiplication in
the frequency domain.

Let us -as'spme, x1(n) is defined from 0 to N - | ie. length of
x)(n) is N. Also, X,(n) is defined from 0 to N — | je. length
of x(n) is N. = %
Here, the linear convolution is given by:
Y0 =xi0) * o)

N-1
- = I x(m)xy(n—m)
© om0

The length of y(n) is 2N — 1 which is way beyond N — 1 and
hence is not suitable for DFT operation. So, in order to
mitigate this issue, we define circular convolution.

The multiplication of two DFTs is equivalent to the circular
convolution of their sequences in time domain.

- Mathematically,

I %(m) = X (k).
and, xa(n) 21— Xy(K), then

Xi(n) ® ){z(n) (;-:TT—> Xy(k) Xa(k)

——— .
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where, '
(n) (V) xn) denotes the circular convolution of the
xjn 2

sequence x,(n) and Xa(n).

Let us assume,

xy(n) is defined from 0 to N - 1 i.e. length of x,(n) .is N and
xy(n) is defined from 0 to N - 1 i.e. length of X3(n) is N thep
c;rcular convolution of x;(n) and x5(n) is defined as

y(m) =xi() Q) x(n)

= () (o - m)y
m=0

Here, the length of y() isN.

Example 7.6: ' ST s
Find circular convolution:
x[n] = {1,2,0,1} and
T

- xnnl={2,2,1,1}
1

Solution:
N=4

y[n] = x,[n] ) xa[n]

- N-1
= ¥ xi[m]x;[n—my
m=0

= §3>: x1[m]xz[n — m]4
m=0
F X1(0)%a(n) x5 (1)Xa(n=1)4+% (2)X2(n-2) %, (3)X2(n-3)s

=1%x(n)s +2 % xp(n=1)3 + 0 X %(n-2)4 + 1 X Xp(n-3)4
o ¥[n] = xa(n)s + 2x5(n-1)4 + Xo(n-3)4

Now, plotting each elements in circular scale and performing
circular shift, we have - '
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x,[n]s 2

2*2[“—1]4 4
| 2 4 )
2l ]
el o
1 2 : 6
; 5

s ym]=1{6,7,6,5}
T

Linear Convolution by Circular Convolution
In linear convolution, we have

yln] =x{n] * hin]

N-1 - )
= ¥ X[m]h[n-m]

m=0

In circular convolution, we have

z[n] = x[n] (N) h[n]
= Ng x[m]h[n-m]y
m=0

Here,

Length of x[n] =N
Length of h[n] =N -
Length of y[n] =2N -1
Length of z[n] =N

So, linear convolution can be perform?d using circullar
. convolution by doing sufficient zero padding. Zero padding

&
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is a technique of extending a discrete signal by appending
zeros to its end. 1t doesn't alter the original signal's conteny
but increases its length with additional zero-valued samp]eg

—_—

Example 7.7:
Find lincar convolution by circular convolution:

xin]={-1,1}, hin]={2,3,1,-2}
i i)

Solution:
Here, Length of x[n] =2
Length of h[n] =4

Suppose y[n] is the linear convolﬁtion, then the length of

y[n]is2+4-1=5,
Now, performing zero padding, we. get
X[n] = {_]7 17 0, 0'.- 0}

T

hn]={2,3,1,-2,0}
T

Using circular convolution, we have

N-1
y[n]= ¥ x[m] h[n-m]y
m=(

= ;: X[m] h[n-m]y

—"[O]h[n]S""X[l]h[n-]] + X2h[n-2], X :
X[4]h[n—4]s £a50 {n Is + x[3]h[n-3]5 +

=—1xh[n]s+ 1 Xh[n-]]5+0+0+‘0
“ ¥[n]=-h[n]s+h[n - { Is
Plotting each elements i in c1rcular scale, we have

h[n];
. ] 3 ~h[n]; 5 : 5

0
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[n-1]s y[n]
3 2 2 r
1 ’ 3 2
;) A
y[n] = {-2 =1,2,3,%9}"
T
ifference between DTFT and DFT
; lsczeteFourierTransform

i The inpﬁt signal is an infinite
length discrete time -signal
x[n], wheren'e Z:

i. The input signal is. a finite
length discrete time signal of]
length N; x[n] wheren=0, I,

i Ouput  of ~ DTFT s
continuous frequency
response X(&), o € [-m, m]:
Mathematically, -

 X(@)= T xnje™™

n=—oco

ii. Output -of DFT is discrete
frequency components X(k),
where k=0, 1,....., N - L
Mathematically,

-i2nka/N

XW=3 ok

iit. The output is periodid with|i
period 2mie.
X)) = X(e")

iii. The output is periodic w1th
period N i.e.

X(k +N)=X(k)

w1t is used for theoreticalli

analysis  of = discrete-time
|_signals.
Example 7.8:
Obtain the c_ircular co
sequences:
© Xyn]={1,2,3,1} and

iv. It is used in practical digital
signal ~ processing (DSP)

avolution of the following

[2080 Bhadra, 2080 Baishakh]

X2[n] = {4 3,2,2} ‘ .

—
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‘ 5 yIn)= {lT7, 19,22, 19

Solution: ‘ \

Given, ‘ il pxample 7.9

P g
M[n]_{:- ii zi If X,(k) and Xy(k) are DFT of se
wafil= 1, 3% 1} and ‘xz[n} = {2, 0, 2 resp

quences x,[n] = 1,0, 0,

_ tivel
Here, N=4 . uence xs[n]; if DFT COVElY, then fing e
Using circular convolution, we get ' ;::‘Ek) s[n]; of x:,[n] is given by Xs(k) = Xi(k)
_ ‘ : . I : 2079 Bh
=x;[n] (N) xz[n] [ adra|
y(n] le[l ® . | Solution: :
= % xi[mlxa[n-mly : Given,
m=0

3 : ; : xl[n]-z {-1:0’ 0: 1}
" NI - waln] = {2, 0,2}
1l[0]hz[n]4+x,[1]xz[nrl]4+X1[2]Kz[11—2]4+xl[3]x2[n—3]4 ! and, Xs(k) = X (k) X,(k)
=1 % xafn)s + 2 X Xg[n-1]4 +3 % Xg[0-2]4 + 1. X Xo[n-3], Now- isin i '

Now, plottmg each elements in circular scale, we get OW,.using convolution property of DFT, we know

i, aftly g xin] ) %] e« Xi(k) Xs(k)

1
|
3

I ; Loty Smce Xi(k) and Xy(k) are DFT of xi[n] and x,[n]
h o o a- respectively and DFT of x,[n] is given by X;(k).

L ‘ - S0,%[n] = xy[n] ® x;fn] |

i ' : ' N-L ' RGP

| or, x3[n] = ¥ x[m]x;[n-m]y

EiF m=0
5 3x,[0-2], ¢ xz[n—3]4 2

Performing necessary zero padding,
x)[n] = {1,0,0, 1} '

3 : XZ[n]={2= Oa 2! O};N=4 ;
Therefore, .

Xa[n] = )3: xj[m] x;[n-m],

‘ * . m=0 .
- = X1 [0]xa[m] g+, [1]xe [ ]t [21xe[n-2]txi [B]xa[0=3]s -
‘ =1 % xy[n}y+ 0 X x[n—1]4 + 0 % xo[-2] + 1 X x[0-3)s

& Xa[n] =xo[n]y + xa[n-3]4
Plotting each elements in circular scale, we get
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o n|=Xxin|s + =
" [, vl e
y | Plotting each element; i circular scale, we get
x[n
) l[ ]5 2x|[l’l—1]5
(R 2 | -2 )
2 2.0 I
2 -
0 L2 —4 2
Cox=3%%8 : ; -
! yln]
Example 7.10:
Find the circular convolution of the sequence
fn] = {1, 1,23 -1} and xafn] = {1,2, 3}.
. '[2079 Baishakh]
Solution: :
Given, : | cF : :
x1[‘.1:‘]= {]’—1'—2’ 3, —1} % \ 1 . o5 Y[n] = {18‘, _23 _'1: _45 ‘_1}
X:[Tl] e {1’ 2v3} : 7 i .' JEESE
For 5-point DFT, performing necessary zero padding, we Example 7.11:
have | Fl:d m[ﬂ] if DFT of x3[n] is given by X;(k) = X, (k) X;(k)
xofn] = 1,2,3,0,0} | . Where X{(k) and X,(K) are 4-point DFT of x,[n] = {1,2,-2}
Here, N=5 : j ‘and X;[n] = {1,2,3,-1} respectively.
Using circular convolution property of DFT, we get e S [2076 Chaitra, 2069 Chaitra]
: RS Solution-
y[n] = x[0] ) x:[n] : , : & ""fgﬂ o
‘ : ; iven
=x:[n] (N) x[n]
A ® ' e 1 e xi[n]={1,2,-2}
= X Xo[m]xi[n—m]n o : 0] ={1,2,3,-1}
=0
i and, X(K) = X, (Xl
= Z=o *a[m]x,[n — m]s : For 4-point DFT, performing necessary zero padding, we
" ' have ' :
~alObalod + wlLsxifo-1s + Sal2bnn- 2+ xiln] = {1,2,-2, 0 N=4
Xal3ban-3ls + x (4], [n-4]s Now, using convolution property of DFT, we have :
=1xx)[n)s +2 % x)[n-1]s + 3 x x;[n-2]s + 0 + 0 |
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%[ ® xaln] (_LFT——> X, () Xa(k)

Since  Xy(K) and Xy(k) are DET .of xi[n] and x;[n]
respectively and DFT of xs[n] is given by Xa(k),

xafn] = x[n] @ xalnl

5 or. xa[n] = }: x,[m]x;[n—m]N
m=0

= )3: xy[m]xa[n-mJs
m=0
= x,[0]xa[n)s + i [1xaln-10s + xi21aln-2)e +

x1[3]xa(n-3)4
=1 x xo[n)e + 2xo[n-11s + (—Z)Xz[n~2]4 +0
. xa[n] =xa[n)s + 2xa[n-1)4 2x2[n-2)4
circular scale, we get

Plotting each elements in.
%[0, 2x5[n-1]4 2
2x,[n-2]y 2 xy]

. Xs[n}= {—7, 6,5,1}
T

Example 7.12:
Find x3[n] if DFT of x3[n] is given b,
y Xa(k) = Xl(k)lz(k)
where X,(k) and X,(k) are 5-point DFT of x,[n] = {1, -2,
5,1,2} and xg[n] = {1, 2, -3, -2} respectively.
- [2073 Chaitra)

—
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Solution:
Given,
x1[ﬂ]‘= {1,-2,5, ],‘2}
x[n]= {1, 2,-3,-2}

and, Xg(k) =Xi(k)X(k)

For 5-point DFT, performing necess
d

xim]={1,-2,5,1,2) 1Y zero Padding,
xg[n] = {1,2,-3,-2, 0}
N=5 !

Now, using convolution Pl'Operty of DTF,
we h
x[n] ) xo[n] (.____> X% ave

. Since X;(k) and Xay(k) are DFT
respectively and DFT of X3[n] i

x3[n] = xi[n] (N) x,[n]

or, X3[n] =

of x[n
Is given by X;(lk)] and x;fo]

N-1
E Xi[m]x;[n-m]y

= X1[0]X2{[1]5 +xi[1]x[n-1]5 + Xi[2]x[n-2]5 +
| X [3]x2[n-3]s + Xi[4]x;[n-4]; 5
= 1%o[n]s + (-2)x;[n—
X +2X2[1;4]S s SXZ[mz]S =i
- X3[n] = X5[n]5-2%,[n-1 }5+5xg[n——Z]5+Xg[n—3]s+2xz[ﬂ—4]s

Ploﬁmg each element in circular scale, we get
X|n = :
ol Js : 2%,[n-1], 5x,[n-2],
4 2 5 0

.I-z;s——__
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X'_:.[Tl] = {—8- "8;_ —63 15, _'7}
' T

Example 7.13:

Find the linear convolution through circular éonvgluﬁoll
with paddings of zeros for the following sequences:

L ) x[o] = {1, 1, 1, 1} and h[n] = {2, 3}. 2074 Chaitra]

Solution:

Given,
xn]={1,1,1,1}
h[n] = {2, 3}

. Here,
Length of x[n] =4
Length of h[n] =2
Suppose y[n] is the required linear’ convolution thert the
length of y[n]is4 +2-1=5 (N). i
Now; performing necessary zero padding, we have
x[n]={1,1,1,1,0} '
h(n] = {2,3,0,0, 0}
Using circular convolution, we have

y[n]=x[n] (N) h(n] or h[n] ® x[n] - |
To avoid higher number of shifting, we take h[n] @ x[n]..

y[n]= N}i] h[m]x[n-m]y
m=0

= 3 himx[n-ml;
m=0
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= h[O]x[n]s* h{1]x[n-1];+ h[2x[n-2]
h[4]x[n-4];
=2 X x[n]s+3 % x[n-1]5+ 0 x X[n-2]
+ 0 x x[n—4]s
- yln] 2 2x[n]s + 3x[n - 1]

- Plotting each elements in circular scale, we get

s+ h[3]x[n-3)

5 F 0 xx[n~3}5‘

2x[n]s ‘ 3x[n-1]5° yln]
2 2 3 3 5 5
2 Y A :
: 3
Siyin] =42,5,5, 5, 3}
= T
Example 7.14:
Find circular convolution between x[n] = {1, 2} and y[n]
= u[n] =u[n - 4]. [2071 Chaitra, 2070 Ashadh]
Solution: '
.- Given,
x[n] = {1, 2}
~ y[n]=u[n] -u[n-4]
[n graphical representation,
ufn] ' u[n-4]

|

1

——
.h.)———.l
wh—
_h———-.
.
L :
=1
B

(ot
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- xgn]= -8,8,-6,15,-T}
' T

Example 7.13:

Find the linear convolution through circular convolutmn
with paddings of zeros for the following sequences:

x[n] = {1,1,1, 1} and h[n] {2,3}. (2074 Chaitra)
Solution:

Given,
xn]={1,1,1,1}
hin] = {2,3}

_ Here,
Length of x[n] =4
Length of h{n] =2"

Suppose y[n] is the required linear convolution thert the’
length of y[n]is4 +2—1=5 (N).

Now, performmg necessary zero padding, we havc
x[n]=1{1,1,1,1,0}

h[n] = {2, 3,0, 0, 0}

Using circular convolution, we have

y(n] = x[n] @) bin] or hin] @) x[n] ..

To avoid higher number of shifting, we take h[n] @ x[n].

yln] = z h[m]X[n—m]u

m=0

= '2:_0 h{m]x[n-m];

—
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= h[O]x[h]s+ h{1)x[n-1}5+ h[2]x[

{4 Jx(n-4]; il
=2 % x[n]s + 3 x x[n-| +0 % x[p
0% x[n-4) ' Boctiel R

. y[n] = 2x[n]s + 3x[n - 1];
Plotting each elements in circular scale we get
2x[n]s

| 3X[n-1], .
2 2 3 3 5 5
2 0
2 3 5 2
; 3
~oyln] =42,5,5,5,3}
F
Example 7.14:
| Find circular convolution between x[n] = {1, 2} and y[n]
i =ufn] =ufn- 4] (2071 Chaitra, 2070 Ashadh]|
Solunon
Given,
x[n] = {1, 2}

~ y[]=u[n] - un-4]
In graphical representation,

u(n] u['n—4]
T \

: T

wb—e
s
e ——
[ e —
|
'
=1

—-n L

|258] Insights on Digital Signal Analysis and Processing

N



y(n]

0™
~oy)=4,1,1,1}
Here, N=4.
Performing necessary zero paddings, we have
x[n] = {1,2,0, 0}
yln]={1,1,1,1}
Using circular convolution, we ge?

7[n) = x[n] ) y[n]

N-1
= ¥ x[m]y[n-m]n
=0

"= 3 x{mly[n-mls
o)

= x[0]y[n)e+x[1]y[n—1]s+x[2]y[n-2]4+x([3]y[n-3],
< z{n] = 1¢y[n]e+22y[n-1]6+0%y[n-2],+0%y[n-3]),
Putting each elements in circular scale, we get

yin], 2y[n-1] 4 z[n]
' : 3
: 12 2 3 3
] 2 3
< An] i {39 3, 3, 3}
1
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Wourier -Trm
" (Decimation in Time Algorithm, Decimation :u
' Frequency Algorithm) :

The Discrete Fourier Transform (DFT)
role in many applications of digital signal processing includin
finear filtering, correlation analysis, and spectrum analysis, So it i%
important to compute DFT using efficient algorithm, Fast Fourie;r
Transform (FFT) is an algorithm that computes the DFT of a
sequence quickly and efficiently, reducing the computational

Plays an important

N
complexity to % log ;N.

In direct computation of the DFT, the DFT for 2 complex-
valued sequence x(n) of N points is given by

N-1 ;
X(k)="% x[n]e”mN
n=(

o X() =" x[n]we"

. n=()

Here, we can sce that direct computation of the DFT requires
N complex multiplications for each k and N* complex
multiplications for all k. Similarly, it requires N — | complex
additions for each k and N(N - 1) complex additions for all k.
Therefore, the'computational requirement to compute DFT directly
is very high,

Direct computation of the DFT is basically inéfficient
primarily because it does not exploit the symmetry and periodicity

properties of the phase factor Wy. In particular, these two
propertics are:

: ' )
Symmetry property: W:, N2 -Wy

k
Periodicity property: w',:,'" Wy

Fast Fouri¢r Transform (FFT) algorithms exploit these two
basic properties of the phase factor.

1260] Insights on Digital Signal Analysis and Processing



Radix-2 FFT ‘ ‘
It is by for the most widely used FFT algorithm. The radix-2

representation 10 calculate N-p.oinl FFT is N =N 3 :8 \r:ll:erc v
represents the number of stages in FFT. Suppos.c. = 8, then \.,Ve
have N = 2°. Hence, there will be 3 stages and it is called 8-point
FFT. Radix-2 FFT algorithm can be jimplemented by two ways:

I.  Decimation in time (DIT) FET

x(0)— —2X(0)
x@—— 4point XD
\)— FT  ——XQ@)
X(3)—1 X(3)
e DT
Before decimation;
x(0) x(1) x@2) x(3)
After decimation;
K0 x@ x() xQ)
1. Decimation in frequency (DIF) FFT -
. x(0) —X(0)
x(1) 4—p0iﬁt —'_*X(Z)
x(2) FFT  ——X(1)
x(3) e (€)
: DIF
Before decimation:
X(0) X(1) X@2) X3)
After decimation:
X(0) X)) X(1)  XQ)

8-Point FFT
Here, N =8 so, N =2° means v = 3
So the number of stages are 3.
Decimation process: 3
x(0) x(1) x(2) x(3) x@) x(5) x(6) x(7)
x(0) x(2) x(4) x6) x(1) x(3) x(5) x(7)
x(0) x(@) x2) x6) x(1) x5) xB) x(D
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g-point Radix-2 DIT FFT

Stage-1 ' Stage-2 Stage-3

%(0) :

x(4)

x(2)

x(6)

x(1)

x(5)

1(3)

x(7)

8-Point Radix-2 DIF FFT

| Stage-1 Stage-2 { Stage3

(0 —~———— (O— X0)
x(1) ' — X(4)
X(2)e XQ)
x0) X(6)
x(4) X(1)
3(5) X(3)
X(6) XG)
X(7) XM
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8-Point Radix-2 DIT IFFT
Stage-1 ' Stage-2 i Stage-3

X(O)Wi \—/f-‘b\* : + x(0)
E E e WA
X e N — D D=y
' \\/f WAVANE
NEAV Y A D M
' : Wi | . WO
e e w
X(3) AN (D— (D=0t

18 VVV | ol
X() A‘%’o S

o 'XOA‘Q

X(6)

Ot (D
“’gm

18 Im“} el BEE X3
X(6 H A 8 E 2
() — : @ : ve x(3)

. = Wi R\ MR Wi
XN < S Fu = o it < X0
8-point Radix-2 DIF IFFT .

Stage-1 ! Stage-2 1 Stage-3

X(0)o—s :

1/8
X(4) —>

1/8
() P

1/8
X(6) o—>—

1/8
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ple 7:15:
~ Compute 8-point DIF
1,20 21,21,

Solution:

-FFT of Sequence X[n] =

—ca3

Given, x[n] =12, 1,2,1,1,2,1,2}

— e ey o O

wlhe[e: -
ke TR, S
=1 B2 xeg=1 g,

- Now, we know
W = g
', So

O~
Wo=giPU8 _ 0 |

£

i N
Wé =g = cos(g‘) - JSlU(Z)

1 .1 :
= —_i—==.7071 —J0.7071
NRE
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e e

£k

TR Ai G ot S SAoEi Sy T 0

N 15
W}g} = a iR = cos(i) - .151“(2) =-)

3m) .. (3%
W% it = cOS(T) szm( 4)

1]
~ 07071 -§0.7071
Output of stage 1:
$,(0)=x[0] + x[4]=2+1=3
S,()=x[1]+x[5]= 1+2=3
§,(2)=x[2] +x[6]=2+1=3
S,3)=x[3] +x[7]=1+2= 3
S,(4)=Walx[0]-x(4]1=1@-D=1 -
$,(5) = WAlx[1] - x[5]] = (0.7071.-§0.7071) (1 - 2)
=-0.7071 +j0.7071

$,(6)= Walx(2] - x[6]) = ()2 - ) =

$,(7) = Wax[3] - x[7]] = (0.7071 - 0.7071) (1 - 2)

=0.071+j0.7071

Output of stage 2: :
$,(0)=S,(0)+ $1(2) =3 +3=6

$(1)=8,(1)+$,(3)=3+3=6

$:2) = WylS1(0) - $1(2)] = 13 ~3) =0

$13) = WilSi(1) - $i3)] = (3 -3) =0

S:4)=8,(4) +8,(6)=1+ () =1-]

8:(5)=81(5) + 54(7)

=(0.7071 +j0.7071) + (0.7071 + j0.7071)
=il.4142

$:(6) = W5[S1(4) - $,(6)] = 1[1 - ()] = 1 +]
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$(7) = WelSi(5) - $,(7)
= (DIE0.7071 + 07071 — ¢
= x-1414
'=j1.4142
'Final output:
X(0)=S5:0)+Sx(1)=6+6=12
X(@) = WlS2(0) — $,(1)] = 16 6) = 0
X(2)=822)+8,(3)=0+0=0
X(6) = W5[S2(2) - $:(3)] = 10~ 0) =0
X(1)=S:(4) +$x5) =1 - +j14142 =1 +0.4142
_X(5)= W3[S:(4)— Sa5)]=1(1-j-j1.4142)=1-}2.4142
X(3)=8:(6) + SuT) =1 +j+j14142 = | + 24142
X(7) = We[Sa(6) - Sx(T)] = 11+ — j1.4142) = 1-j0.4i42
Thus, we have . ,
X(k) = {X(0), X(1), X(2), X(3), X(4), X(5), X(6), XN}

o X(O={12,1+]0.4142, 0, 1+ [2.4142, 0, 1 - j2.4142, 0,
1 —j0.4142}

Exa_mplg 7.16:

0.7071 +j0.7071;

-Find 8_-point DET of sequence x[n] = {1, 2, 4,3, 5,-1, 3}
using.Decimation in Frequency Fast Fourier Transform
(DIFFFT) algorithm. [2079 Baishakh]

Solution: :
Given, x[n]={1,2,4,3,5,-1,3}
Performing necessary zero paddings, we have
x[n]=1{1,2,4,3,5,-1,3,0} .
where, ]
x[0]=1,  x[1]=2, x[2]=4, x[3]=3,
x[4]=5,  x[5]1=-1,  x6]=3,  x[71=0
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nsrac

Now, we know
Wy = o

So,

0 _ _pro
Wy = g#r08 - |

Wy =28 =0 7071 -j0.7071

2 .
W, = -j2n.2/8 .
g=¢€ ==]

Wy =% = 07071 _jo7071
Qutput of stage 1:

5,(0)= x[0]+x[4]=1+5=6
S =x[1]+x[5]=2+(-1) =1
SiQ)=x[2] +x[6)=4+3=7
Si3)=x[3]+x[7]=3+0=3

1(4) = Wylx[0] - x[4]] = 1(1 - 5) = 4
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§,(5) = Walx(11=xI511= 0.1071 jo 709,

=3(0.7071 - jo 7071
=21213-12.1213

§,(6) = Walx[21 - {611 = ()4 - 3)=

$,(7) = Walx[3] - X{7]] = (:0.7071 j0.7071)3 - 0)

=3(-0.7071 - j0.7071)
=-2.1213-j2.1213 -

)

Output of stage 2:

© 5(0)=51(0) +8(2)=6+7=13

S =S +8iG)=1+3=4
$:(2) = WilS1(0) - 8,21 = 1(6 - 7) =-1

S,(3) = WISi() - Si3)] =—j(1 - 3) = x 2 =1
Sy(4) = $1(4) + $1(6) =—4 + () =—4 -]
S:(5)=S:1(5) + Si(7) ‘ *
= (2.1213 - j2.1213) + (-2.1213 - 2.1213)
= -j4.2426
$x(6) = W5[S1(4) ~ S1(6)] = 1[4 ~ ()] =4 +]
85(7) = WeISi(5) ~Si(M]
= (H)[(2.1213 - j2.1213) - (21213 - j2.1213)]
=-j4.2426 '
Final output:
X(0) = $:(0) + Sy(1) = 13 +4 =17
X(4) = Wa[S:(0) - Sx(D] = 1(13-4)=9
XQ) = $:(2) + $:03)=-1+2
X(6) = Wa[S:(2) — S:(3)] = 1(-1-2) =-1 -2 -
X(1) = S3(4) + $x(5) = (-4 -J) + (-4.2426)
= 4-j52426 .
X(5) = WS:(4) - S:(9)] = L[4 =) - (342420)
=_4+]3.2426

- =
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Now, we know

X(3) = $x(6) + $x(7) = (-4 +]) + (§4.2426) o
= —4-3.2426 Wy =¢
X(7) = WylS:(6) - S(7)] = 1[(-4 +]) - (-4.2426)] So,
=4 +j5.2426 Wl = P08 - |
Thus, we have, ‘ :

X(k) = {X(0), X(1), X(2), X(3), X(4), X(5), X(6), X(7)}

L X(K) = (17, -4 - j5.2426, -1 + 2j, 4~ j3.2426,9, 4,
13.2426, -1 - 2j, -4 + j5.2426) :

Example 7.17: :
Find 8-point DFT of sequence x[n] = {1, 1, 0, 0, 1, 1, 2

Given, x[n] = {1,1,0,0, 1, 1, 2}

Performing necessary zero paddings, we have
x[n]={1,1,0,0,1,1,2,0}
where,

x0]=1,  x[l]=1, “x[2]='0,' x[3]=0,

X(3)

X(6)

XM

W =" =0.7071 - j0.7071

W:é: gIm8 -

Wi =68 = 07071 - j0.7071

using Decimation in Time Fast Fourier Transform Qutput ofstage it

i Igorithm. 2080 Bai i ( _

| (DITFFET) algorithm. : [2080 Baishakh) S.(O)=x[0]+ng[4]= 130 W1
i Solution:. ; -

$i(1) = x[0] ~ Wex[4] =1 -1 x 1 =0

- Si@)=x21+ Wexl6]=0+1x2=2
- SiB)=x[2] - Wex[6] =0~ 1 x2=2

Si(4) =x{1]+ Wgx[5] = 1+ 1 x 1=2

x[4]=1, x[5]=1, x[6]=2, - x[7]=0 ] 5

i Here, : : g $1(5) =x[1] - Wex[S]=1-1x1=0

k Sage-1 t  Stage2 ! Stage-3 | : = 0 = =
i | E $1(6) =x[3] + Wex[7]=0+1x0=0
(8 X(0) ' '
I S1(7) =x[3] - Wgx[7] =0~ 1 x 0=0

:i X()
;~ 255 Output of stage 2:
17‘1 : 5:(0) = $1(0) + WySi(2) =2+ 1 x2=4
I8 X() : A
b ' 82(1) =8y(1) + WeSi3) =0+ () x (-2)=2j
X(4)

8:(2) = 5,(0) - WsSi(2) =2 -1 x2=0
8:3)=81(1) - WeSi(3) =0~ () x (=2
Sa(4) = Sy(4) + WgSi(6) =2+ 1 x0=2

Sa(5) = 81(5) + WaSi(7) =0+ (=) x 0=0

— .
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S:(6) = S/(4) - WeSi(6)=2 -1 x 0=2
$3(7) = $1(5) - WeS(7) =0 — () x 0 =0

Final output:

X(0) = $x(0) + WeSy(4) =4+ 1x2=6

X(1) = Sx(1) + WyS:(5) = 2§ + (0.7071 - j0.7071) x 0 = %
X(2) = $:2) + WiSi(6) = 0 + ()x2 = -2

X(3) = $:3) + WeSa(T) =2 + (-0.7071 - J0.7071)x0 = o
X@)=S:0)-WeS,(@)=4-1x2=2

X(8) = $x(1) ~ WgSy(5) = 2 - (0.7071 - j0.7071) x 0 = %
X(6) = $:42) - WiS:(6)= 0 - () x 2 =2

X(7) = $(3) - WgSa(7) =2 — (-0.7071 - §0.7071) x0 = oy
Thus, we have '

X(k) ={X(0), X(1), X(2), X(3), X(4), X(5), X(6), X(7)}
. X(]() = {Ss 2.‘1 _2j’ —Zj, 21 2j’ 2.]’ _2.]}

Example 7.18: ) _
Find the 8-point DFT of the following sequence using
radix-2 DITFFT algorithm. .
x[n] = {1, 2j, 3, 4j, 0, 0,—j, 0}. [2079 Bhadra]
Solution:
Given.
x[n]= {1, 2}, 3, 4j,0,0,-, 0}
where,
x[0]=1, x[11=2j, x[2] =3, x[3] =4j,
x[4]=0, x[5]=0, x[6] =, x[7]1=0
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0 ] =7
S,(4)=x[1]+ Wyx(5] =2 + 1 X 0=

§,(5)=x[1]- Wix[s) =2 =1 X 0=

5,(6)=x(3]+ Wx(T] =4 + 1 x0=4j

§,[7]=x[3] - Wax(7) = 4= 1 x 0=4j

Output of gtage 28 |

$,(0)=$,(0) + WgSi@) =1 +1x (3-)=4~]

$:(1) = Si(1) + WiSi3) = 1 +()B +§) =1 -3~ =23

$2(2)=$1(0) - WeSi(2) =1 - 1 x (3-))=-2+]

$:0)= i) - WiSi3) =1 - (DB +) =1+ 3+ =34

S2(4) = $,(4) + WeSi(6) = 2j +1 x 4j =

$:5)=$:(5)+ WiSi(1) =2 + ()M =4+

$(6)=$1(4) - W5Si(6) =2~ 1 x 4j=-2j

(1) =51(5) - WiS\(1) =2 - ()4 =4+ 2]

Final output: : ' =5

X(0)= $x0) + WiSi(d)= (4—)) + 1 x 6 =4+ 5

X(1) = $(1) + WgSa(5) |
=(2-3j)+(0.7071 =j0.7071) x (4+2j)

=(2-3j) +(4.242 - j1 414)
=6.242-j4.414

X(2) = $:2) + WgSx(6) = (2+ ) £ ()(2)) =4 + |

X(3) = $a(3) + WySy(7) = 3j + (<0.7071 - j0.7071)(—4 + 2j)
=4.242 + {4414

X(4)=5:0) - WeSd) = (4—)~ 1 x 6 =47

X(5) = Sy(1) ~ WyS,(5)
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=(2-3))-(0.7071 - jo.707 })
=-2.242 -1.586

X6)= 32(2)—W§Sz(6)=(~2+j)—(—j)(~2j)=j

3 .
X(7) = 823) = WgSal(7) = 3§ - (<0.7071 ~ 0,707,
: =-4.242 +1.586

* (4+2))

) (~4+25)

Thus, we have
X(k) = {X(0), X(1), X(2), X(3), X(4), X(5), X(6), X(7)}

X(k) = {4+5], 6.242-14.414, 4+, 424244414, 475, -
2.242-j1.586, j, —4.242 +j1.586}

Example 7.19: -

Find the 8-point DIT IDFT for X(k) = {2, 0.5-j1.207, o,
- 0.5-j0.207, 0, 0.5+j0.207, 0, 0.5 + j1.21}.

Solution:

X(0) =2, X(1)=0.5-j1.207, X(2) =0, X(3) = 0.5 j0.207,
“X(4) =0, X(5)=0.5+j0.207, X(6) = 0, X(7) = 0.5 +j1.21
Stage-l' | Stage2 : Stage-3

x(0)
x(4)

x(2)
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We know,

Wkn . e-jznkan
N

o 90 =P

W_] _ e+j27(*li'3= +0.707 +J0707
8

w—sz - e+j21t"2/8 __. +

W_S3 = 38 = 0,707 +0.707

OQutput of stage 1:

$2) =5 XQ) +X(O) =5 0-0

$,3) =é [X(G) + X(7)] %(1 +)=0.125+]0.125
S(4)=§ [XO) - X@) =5 ¥ 2=025

$1(5) =3 [X(1) - X(5)] - -5 x{1414=j0.1768
5,(6 =%[X(2)—X(6)j=% it :

1 s S
$i(7) =5 XG) - X(] == xj1417=0.1771

00 |—

Output of stage 2:

S20)=8)(0) +8,(2) =025+ 0=1025

Sx1) = S1(1) + 81(3) = 0.125- 0,125+ 0.125 + j0.125=0.25
$22)=5:(0)- 5,2) = 0.25 — 0 = 0 05

52(3) = 8,(1) - 5,3) = —50.25

Sa4) = Si W5 +S,6)W2 =025+ 0= 0,25

$2(5) = SIW s + S,y

=-j0.1768(0.707 +j0.707) _ :
apis )=§0.1771(-0,707 + j0.707)

Sa(6) = Sl(4)wg._ K Si(ﬁ)W82= 028 % ]

S)7) = SiEW 3 - S

- =—§0.1768(0.707+j0.707) - (j0.1771) (-0.707+0.707)
=-j0.25

0xj=025

Final output: ‘
x[0]=54(0) + 8,(1)=0.25+0.25=0.5
x[4] =S2(0) - Sx(1)=0.25-0.25=0
X[2]= $,)W; + Q)W
= (0.25 x 1) + (-0.25) x (+))
=05
x[6] = SA2)W) - S,3)W 2
=(0.25 x 1) = (<0.25) x (+)) =0
X[1] = Sy(4) + S(5) =025+0.25=0.5
X[5] = S2(4) = $x(5) =0.25-0.25=0
X[3] = Sy(6)Wg+ S((NW, -
=(0.25 x 1) + (0.25) x (+) =0.5
X[7]= S:6Wg —S(DWy
= (0.25 x 1) (0.25) x (+)=0
. x[n] = {0.5,0.5,0.5,0.5,0,0,0,0)
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Example 7.20: .
" Find the 8-point DFT of x[n] = u[n] —u[n-4| tslsghg grli;ll‘
DIT algorithm. _ [2078 Bha
Solution:
Given,

x[u] = u[[l] = ll[ﬂ = 4] :

|276] Insights on Digital signal Analysis and Processing

.



In graphical representation,
ufn] u[n-4]

1~ 1‘

o
U\‘———.
G.—.—n‘
_q—_-——.

x[n]

1 ‘ ‘
RS R Ty
~ xn]=1{1,1,1,1} .

Performing necessary zero paddings; we have

x[n]=1{1,1,1,1,0,0,0,0}

where, - s
x[0]=1 x[1]=1 x[2]=1 © xB]1=1
x[4]=0 x[51=0 x[6]=0 - x[7]=0

Now  this question can be solved similarly as previous
question using DIT FFT algorithm.

Example 7.21:

Draw the butterfly diagram of 8-point DFT of a sequence
of x[n] = n + 1 using Decimation in Time FFT algorithm.

[2075 Ashwin]
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Solution:

Given, x[n]=n+1

So, - ;
- x[0]=0+1=1
x[1]=1+1=2
x[2]=2+1=3
X[3]=3+1=4
X[4]=4+1=5
x[5]=5+1=6
x[6]=6+1=7
x[7]=7+1=8

~ox[n]=1{1,2;3,4,5,6,7, 8}
Now this question can be solved similarly as previous
questions using DIT FFT algorithm.

Example 7.22: . ,.
If X,(k) and X;(k) are the 5-point DFT of x.(n).= 3, 0<n
< 3 and x(n) = 2% 0 < n < 4. Find x;(0) if X3(1:|) T
; 2081 Bhadra
Xi(K)X:(K)- L
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Solution:

x,[n]=3",0$n.<_3

= xi[n]= {13 9,27}
and, x;[n]=2",0$us4
= x[n]={1,2,4,8, 16}

Also,
X3(k) = Xy(k)Xa(k) and N = 5

For S-point DFT, performing neceésary zero padding, we
have, ‘ e
xn]={1,3,9,27, 0} ‘

x[n] = {1,2,4, 8,16}

by

Now, using convolution property of DFT, we have,

[l ® ] 3 Xi0)Xa()

Since, X;(k) and Xj(k) are DFT of xj[n] and x,[n]
respectively and DFT of x,[n] is given by Xs(k), -

xa[n] = x)[n] () x:[n] -

N-1
or, xa[n]= ¥ x;[m]x;[n—m]y
m=0

= ;“. xi[m]x[n — m]s
m=0
= x1[0]xz[n]s +x1[1]xo[n — 175 + X4 [2]x[n ~ 2]s
+x1[3]kaln - 35 + xi[4]aln - 4]s
= Ixx3[n]s +3x,[n-1]5 +9x,[n-2]5 + 27x5[n-3]5 + 0
" X3[n] = xa[n]s + 3%5[n — 175 + 9x,[n — 2]s + 27x5[n - 3]s
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Plotting each elements in Circular seal
E’

x,{n]s S,

4 2

—_
(=2}
=
[=)
(9]
=
(==

We get

12
N
27)(2[n—3]5
9
72
; 27.103
36 54
451 365
229
130
. xs[n] = {229, 365, 451, 65, 130}
T
utational Complexity of FFT Algorithm
The DFT of a complex-valued sequence x(n)

N-1 -
= ¥ x(me N
n=0

' N-1 JpN
oo X(k)= T x(n)Wy ; where Wy =e#™
=0

of N points is

 ——
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an sce that the direct computation of the DFT

Here, we ¢
ications and N(N - 1) complex

requires N? complex multipl
additions for completion.

The butterfly diagram of FFT is given by

q e —e-A=a+W,f,b

be *B=a-Wyb

=

Here, we can sce that each butterfly has one complex
multiplication and two complex additions. In 8-point FFT, there
are three stages and four butterﬂy in each. stage. Hence, N-point

FFT will have log;N stages and 5 butterfly in each stage.

Therefore, % butterfly will have % complex. Iﬁultiplication

and N complex addmon So, log,N stages w111 have 10g2N
complex multiplications and NloggN complex additions. Hence N-
poml FFT will have &

complex additions.

i log;N compléx multiplications and NloggN

Companson of Dlrect Computatmn of’ DFT and usmg FFT

mple . ‘Complex

iplicati e ..,Iaddltmns
4 16 12 4 8
8 64 56 i ) 24
16 256 240 - 32 64
32 1024 992 80 160
64 4096 4032 192 384
128 16384 16256 448 896
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